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Abstract. We define the equivariant family index of a family of elliptic op- 
erators invariant with respect to the free action of a bundle Q of Lie groups. 
If the fibers of 5 — > _B are simply-connected solvable, we then compute the 
Chern character of the (equivariant family) index, the result being given by an 
Atiyah-Singer type formula. We also study traces on the corresponding alge- 
bras of pseudodifferential operators and obtain a local index formula for such 
families of invariant operators, using the Fedosov product. For topologically 
non-trivial bundles we have to use methods of non-commutative geometry. 
We discuss then as an application the construction of "higher-eta invariants," 
which are morphisms Kn{^'?^^{Y)) — > C. The algebras of invariant pseudodif- 
ferential operators that we study, '(/>?^^(Y) and '^'^^(Y), are generalizations of 
"parameter dependent" algebras of pseudodifferential operators (with param- 
eter in R''), so our results provide also an index theorem for elliptic, parameter 
dependent pseudodifferential operators. 
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Introduction 

Families of Dirac operators invariant with respect to a bundle of Lie groups 
appear in the analysis of the Dirac operator on certain non-compact manifolds. 
They arise, for example, in the analysis of the Dirac operator on an S^-manifold 
M, if we desingularize the action of 5*^ by replacing the original metric g with (I)~'^9j 
where (p is the length of the infinitesimal generator X of the 5'"'^-action. In this way, 
X becomes of length one in the new metric. The main result of |34] states that 
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2 VICTOR NISTOR 

the kernel of the new Dirac operator on the open manifold M \ M^ is naturally 
isomorphic to the kernel of the original Dirac operator. 

It turns out that the Fredholm property of the resulting Dirac operator (obtained 
by the above procedure on the non-compact manifold M \ M^ ) is controlled by 
the invertibility of a family of operators invariant with respect to the action of a 
bundle of non-abelian, solvable Lie groups. This follows from the results of [ p2| 
and it will be discussed in greater detail in a future paper. In general, neither the 
bundle Y —^ B on which these operators act, nor the bundle of Lie groups Q ^ B 
acting on Y, arc trivial. A natural problem then is to study the invertibility of 
these invariant families of operators, and more generally, their index. 

We define the (equivariant family) index of a family of invariant, elliptic operators 
using K-theoTy. For operators acting between sections of the same vector bundle, we 
can define the index using the boundary map in algebraic X-Theory. For operators 
acting between sections of different bundles, one has to use Kasparov's bivariant 
JC- Theory |l2] or a smooth variant of it p%. The algebraic i^-theory definition 
of the index gives a little bit more than the one using bivariant K-theory, but it 
applies only to elliptic operators acting between isomorphic vector bundles, which is 
however almost always the case in applications, and hence only a minor drawback. 
In any case, it turns out that the (equivariant family) index of such an invariant 
elliptic family is the obstruction to finding an invertible perturbation of the original 
family by families of invariant, regularizing operators, if we exclude the degenerate 
case dimy = dim 5. This shows the relevance of computing the index to the 
problem of determining the invertibility of a given family. 

In this paper, we study the index and certain non-local invariants of families of 
elliptic operators invariant with respect to a bundle of simply- connected, solvable 
Lie groups Q. One of the main results is a formula for the Chern character of the 
index bundle that is similar to the Atiyah-Singer index formula for families. We 
analyse the the local behavior of these families, when Q is a vector bundle. This 
leads us then to the construction of several traces on the algebras ^[JJ^(y). We use 
these traces to obtain local index theorems. For more general bundles Q, the local 
analysis is likely to be much harder because there are no good candidates for the 
construction of convolution algebras closed under functional analytic calculus on 
non-commutative solvable Lie groups. 

In iQ, Bismut and Cheeger have generalized the Atiyah-Patodi-Singer index 
theorem H to families of Dirac operators on manifolds with boundary (see also 
|30[). Their results apply to operators whose "indicial parts" are invertible. These 
indicial parts are actually families of Dirac operators invariant with respect to a one- 
parameter group, so they fit into the framework of this paper (with Q = B xM). In 
addition to the usual ingredients of an index theorem - curvature and characteristic 
classes - their result was stated in terms of a new invariant, called the "eta- form," 
in analogy to the additional invariant appearing in the Atiyah-Patodi-Singer index 
formula for operators on manifolds with boundary. Thus, the results of this paper 
are relevant also to the problem of determining an explicit formula for the index 
of a family of pseudodifferential elliptic operators on a bundle of manifolds with 
boundary. (See also Q.) 

With an eye towards this problem, we also give a new proof of the regularity 
of the eta function at the origin and discuss some possible generalizations the eta 
invariant. Actually, we discuss two possible generalizations, one which is a direct 
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generalization of a result of |g^ and one using higher algebraic ii'-theory. The 
first possible generalization is to associate to a Dirac operator invariant with re- 
spect to W the quantity defined by the formula Trg((£)~^d£>)^'^~^). This possible 
generalization was considered before by Lesch and Pflaum |24], who proved that 
this formula does not lead to new invariants for Dirac operators and also that this 
formula is not additive for a product of two invertible operators, except ioi k = 1, 
when one recovers the usual eta invariant PSJ . The second possible generalization, 
which has the advantage of being additive, is to define the higher eta invariant as a 
morphism on higher algebraic K-theoiy. This definition can be found in Section pi 
We now describe the contents of each section of this paper. In Section ^ we 
discuss the action of a bundle of Lie groups 5 on a fiber bundle Y and we introduce 
the algebras ip^^{Y) and ^^^^{Y), which will be our main object of study. (Both 
these algebras consist of families of invariant pseudodifferential operators.) Fam- 
ilies of operators invariant with respect to a bundle of Lie groups were probably 
considered for the first time in Q. (See also [2^.) When B is reduced to a point 
and Q = R'^, the algebras '^'?^^{Y) were studied in |2j. Torsion invariants for fam- 
ilies of Dirac operators invariant with respect to a vector bundle were defined and 
studied by Bismut, see ^. We prove that, when ^ is a vector bundle, the group of 
gauge transformations of G acts on -tp^^lY) and '^?^^(Y). In Section g, we define 
the index of a family of elliptic, invariant pseudodifferential operators A. We shall 
sometimes use the term "the equivariant family index" of an elliptic A G ijj?^^{Y), 
for the index of such a family. We prove that the index of A is the obstruction to 
finding a regularizing R such that A + R, acting between suitable Sobolev spaces, 
is invertible in each fiber (excluding the degenerate case dimK = dimt/). This 
generalizes the usual property of the Fredholm index of a Fredholm operator. In 
Section ra we prove that when Q consists of simply-connected solvable Lie groups 

(1) K,{C*ig))^K*iQ), 

if g is the vector bundle of the Lie algebras defined by Q. Then we obtain a formula 
for the Chern character of the index of an elliptic operator A G ip^^{Y). (For 
simplicity, we called A "an operator," although it is really a family of operators. 
We shall do this repeatedly.) 

Beginning with Section || we assume that 5 is a vector bundle, because then 
we can construct natural algebras that are spectraly invariant (even closed under 
functional analytic calculus), and hence we obtain more refined results. We then 
develop the necessary facts about the asymptotics of the trace of the operators in 
^inv(^)- This allows us to define various regularized and residue traces. Using 
these traces, we obtain in Section H two local formulae for the (equivariant family) 
index of an elliptic operator A e ^?^^(F). In Section O, we discuss two possible 
generalizations of the eta invariant, which is suggested by the formula 

r]{Do,s) ^T^i{D-'^D'), where D ^ Dq + dt and £>' = [D,t], 

proved in ||2^ using the local index theorem (see also |Q). Operators invariant 
with respect to M'', a particular case of our operators when the base is reduced to a 
point, appear in the formulation of elliptic (or Fredholm) boundary conditions for 
pseudodifferential operators on manifolds with corners. The equivariant index can 
be used to study this problem, which is relevant to the question of extending the 
Atiyah-Patodi-Singer boundary conditions to manifolds with corners. 
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The algebras of invariant pseudodifFerential operators that we study, V'i^v(^) ^^'^ 

^inv(^)' ^^^ generahzations of "parameter dependent" algebras of pseudodifferen- 

tial operators considered by Agmon 0|, Grubb and Seeley [Q, Lesch and Pflaum 

24 1, Melrose [g8|, Shubin Q], and others. Our index theorem, Theorem |[ hence 



gives a solution to the problem of determining the index of elliptic, parameter de- 
pendent famiHes of pseudodifferential operators, parameterized by A S W. We note 
that the concept of index of such a family requires a proper definition, and that 
the Fredholm index, "dimension of the kernel" - "dimension of the cokernel," is not 
appropriate for q > 1. Our definition of the (equivariant, family) index is somewhat 
closer to the definition of the i-^-index for covering spaces given in [pi and pi than 
to the definition of the Fredholm index. However, an essential difference between 
their definition and ours is that no trace is involved in our definition. 

For the proof of our local index theorem, we use ideas of non-commutative ge- 
ometry |14|] , more precisely, the general approach to index theorems using cyclic 
cohomology as developed in |36|] . These computations are also an example of a 
computation of a bivariant Chern-Connes charact er |33|] . We plan to use the re- 
sults of this paper for some problems in M-theory ||40|. We also expect our results 
to have applications to adiabatic limits of eta invariants [Q ^ . 

There exist several potential extensions of our results, although none of them 
seems to be straightforward. These extensions will presumable involve more general 
conditions on Q and its action on Y. Probably the most general conditions under 
which one can reasonably expect to obtain definite results are those when the fibers 
of Q are connected and the action is proper. We assume that the fibers of Q are 
connected to be able to use general results on connected Lie groups. 

Therefore, let us consider a general family of connected Lie groups Q and succes- 
sively weaken our assumptions on Q and its action on Y and then try to see to what 
extend our results extend to this general setting. If we continue to assume that the 
action of G is free, then the results of Sections |l] and || remain true, because we do 
not use any conditions on the fibers of G in these two section. However, the results 
of the subsequent sections are no longer valid. If we drop the assumption that the 
action of G be free, then the definition of the algebras ipf^^(Y) still makes sense in 
this more general situation, provided that we assume the action of G to be proper, 
or otherwise our algebras might be too small. 

Let us then assume henceforth that the action of G is proper. For simply- 
connected solvable families, this implies that the action is free, which justifies our 
choices and moreover gives that Y = Z Xb G, b,s ^-spaces. For general families 
though, the topology on Y and the action of G will be more complicated if the 
action of G is not free. Moreover, except the definition of the algebras V'hiv(^)' ^^^ 
of our results extend to the general case of connected fibers and proper actions. 
For example, the results of Section g are not true for non-free actions, in general. 
This is the case, in particular, of Lemma y, so we cannot define the equivariant 
family index as an element of Kq{C*{G)), as we do in this paper, but we get it as 
an element of Kq{C*{Y;G))- Further work is necessary to show that the natural 
map Ko{C*{Y; G)) -^ Ko{C*{G)) is injective in the cases of interest. 

Let us now take a closer look at the case when the fibers of t/ — > _B are compact. 
Then we do get that Ko{C*{Y;G}) -^ Ko{C*{G)) is injective, and hence we can 
still define the index as an element of Ko{C*{G))- It is not difficult to show that all 
the fibers Gt are isomorphic as groups to a fixed Lie group, say G. The fundamental 
group TT oi B then acts by holonomy on R{G) , the representation ring of G, and if 
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G is connected and semisimple, we have 

(2) K,{C*{g))®'Q':^K*{B)®R{Gy ®<Q, 

In general, however, there will be no such isomorphism if we do not tensor by Q. 
Thus, when the fibers of Q are compact, the groups Kf:{C*{Q)) are completely 
different from the corresponding groups when the fibers of Q are solvable (see also 
Equation (0)). 

Nevertheless, the methods of this paper will probably be useful to treat the 
general case, allowing us to reduce the general case of connected fibers and proper 
actions to the case of a bundle of semisimple Lie groups. The "Dirac" and "dual 
Dirac" bivariant i^-theory elements will probably then allow us to further reduce 
the semisimple case to the compact case, in the spirit of the Connes-Kasparov 
conjecture, using Kasparov's bivariant iiT-theory. The case of compact fibers can 
then be treated directly, although this is not straigtforward and may require fields of 
matrices with non-trivial Diximier-Douady invariants. Moreover, some conceptual 
difficulties in determining the equivariant index arise when the bundle Q is non- 
trivial. 

I would like to thank Fourier Institute, where part of this project was completed, 
for their hospitality. Also, I would like to thank Florian Albers, Jean-Michel Bismut, 
Alain Connes, David Kazhdan, and Richard Melrose for useful comments. 

All pseudodifferential operators considered in this paper are "classical," that is, 
one-step polyhomogeneous. 

1. Invariant pseudodifferential operators 

We now describe the settings in which we shall work. Let i? be a smooth compact 
manifold and 

d-.g^B andTTiF^jg 

be two smooth fiber bundles with fibers Qb '■= d^^{b) and Yb := Tr^^{b). We shall 
assume that Q is a. bundle of Lie groups acting smoothly on Y, and then we shall 
consider families of operators along the fibers of Y and invariant under the action 
of Q. We can restrict in our discussion to a connected component of i?, so for 
simplicity, we shall assume that B is connected. The index and local invariant 
of these operators will form our main object of study. We now make all these 
assumptions and concepts more precise. 

Throughout this paper, Q will denote a bundle of Lie groups on a manifold 
usually denoted B. By this we mean that Q ^ B is a. smooth fiber bundle, that 
each Qb is a Lie group, and that the multiplication and inverse depend differentiably 
on b. Hence the map 

(3) G ^B g -.^ {{g',g) e g X g,d{g') = d{g)} 3 {g',g) -^ g'g-^ eg 

is differentiable. This implies, by standard arguments, that the map sending a 
point & S 5b to Gb, the identity element of CJ^, is a diffeomorphism onto a smooth 
submanifold of g. It also implies that the map g € g —>■ g~^ £ 5 is differentiable. 

We also assume that g acts smoothly on Y. This means that there are given 
actions gb x Yb ^ Yb of (?(, on Yj,, for each b, such that the induced map, 

gxBY:^{ig,y)egxY,d{g)^Tr{y)}3 {g,y) ^ gy £ F, 

is differentiable. We shall also assume that the action of g on Y is free, that is, 
that the action of gb on Yj, is free for each b. 
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We do not assume, however, that the groups Gt are isomorphic, although this 
is true in most apphcations. For us, two important particular cases of Lie groups 
bundles are when the fibers of G are compact and the case when the fibers of G are 
simply-connected, solvable Lie groups. Let g — > B be the bundle of Lie algebras of 
associated to G, that is, the bundle whose fiber above b, Qb, is Lie{Gb)- We shall 
also treat in detail the case when G consists of simply-connected abelian groups, 
that is, it is a vector bundle t/ ~ g. This case is very important in applications 
and can be treated more completely because it does not involve any complications 
related to the harmonic analysis on non-compact, non-abelian Lie groups. 

On y, we consider smooth families A = {Ah), b E B, oi classical pseudodiffer- 
ential operators acting on the fibers oiY^B such that each A}, is invariant with 
respect to the action of the group Gb- Unless mentioned otherwise, we assume that 
these operators act on half densities along each fiber. The algebra that we are inter- 
ested in consists of such invariant operators satisfying also a support condition. To 
state this support condition, first notice that a family A = {A},) defines a continu- 
ous map C^ (V) -^ C°° (V) , and, as such, it has a distribution (or Schwartz) kernel, 
which is a distribution Ka ouYxbYcYxY. (We ignore the vector bundles in 
which this distribution takes its values.) Because the family A = {At) is invariant, 
the distribution Ka is also invariant with respect to the action of G- Consequently, 
Ka is the pull back of a distribution kA on (y x^ Y)/G- We will require that kA 
have compact support. We shall sometimes call kA the convolution kernel of A. 
This condition on the support of kA ensures that each At is a properly supported 
pseudodifferential operator, and hence it maps compactly supported functions (or 
sections of a vector bundle, if we consider operators acting on sections of a smooth 
vector bundle) to compactly supported functions (or sections). This support con- 
dition is automatically satisfied if Y/G is compact and each Ah is a differential 
operator. The space of smooth, invariant families A of order m pseudodifferential 
operators acting on the fibers oiY ^ B such that kA has compact support will be 
denoted by V'S^(y). Then 

^^,{Y) := U^ezV-ai^) 

is an algebra, by classical results iQ. Note also that ^"^^{Y) makes sense also for 
m not an integer. 

We now discuss the principal symbols of the invariant operators that we study. 
Let 

n^rtY := ker(rr ^ TB) 

be the bundle of vertical tangent vectors to Y, and let T*^j.f.Y be its dual. We fix 
compatible metrics on Ty^rtY and T*^^fY, and define S*g^fY, the cosphere bundle 
of the vertical tangent bundle to Y, to be the set of vectors of length one of T*^^fY. 
Also, let 

a„:*"(n)->C°°(5:,,,nT*n) 

be the usual principal symbol map, defined on the space of pseudodifferential op- 
erators of order m on Yj,- The definition of am depends on the choice of a trivi- 
alization of the bundle of homogeneous functions of order m on T*^^fY , regarded 
as a bundle over S*f,j.^Y. The principal symbols am{Ab) of an element (or family) 
A = {Ab) G ipl^^{Y) then gives rise to a smooth function on C°°{S*^^fY), which is 
invariant with respect to G, and hence descends to a smooth function on S*g^fY, 
which has compact support because of the support condition on the kernel of A. 



INDEX FOR FAMILIES 7 

The resulting function, 

(4) a„(A)eC~((^,V,r)/a), 

will be referred to as the principal symbol of an element (or operator) in -ip^^iY). 

In the particular case Y = Q, '0Sv(^) identifies with families of convolution op- 
erators on the fibers Qi, with kernels contained in a compact subset of Q, smooth 
outside the identity, and only with conormal singularities at the identity. In par- 
ticular, ip^'^iQ) — C^{Q), with the fiberwisc convolution product. 

Suppose now that the quotient Y/Q is compact, which implies that {S*f,j.^Y)/Q is 
also compact. As it is customary, an operator A e VSv(^) i'' called elliptic if, and 
only if, its principal symbol is everywhere invertible. The same definition applies 
to A = [Aij] £ Mjv(V'i™v(^)) ■ the operator A, regarded as acting on sections of the 
trivial vector bundle C^, is elliptic if, and only if, its principal symbol 

is invertible. 

Assume that there is given a ^/-invariant metric on TyertY, the bundle of vertical 
tangent vectors, and a ^-equivariant bundle W of modules over the Clifford algebras 
of TyertY. Then a typical example of a family D = (Di,) G ■i/'hiv(^) is that of the 
family of Dirac operators Db acting on the fibers Yf, of F ^ B. (Each Db acts on 
sections of VF|y(,, the restriction of the given Clifford module W to that fiber.) 

Before proceeding, in the next section, to define the equivariant family index of 
an elliptic family invariant with respect to a bundle of Lie groups, let us take a 
closer look at a particular case of the previous construction. 

Take Y ^ B x Z x W, with Z a compact manifold and Q = B xW, tt and d 
being the projections onto the first components of each product. The action of Q 
on Y is given by translation on the last component of Y. Then the ^-invariance 
condition becomes simply R"^ invariance with respect to the resulting K'^ action. If 

Y and G are as described here, then we call Y a flat Q-space. 

One disadvantage of the algebras ipf^^iY) is the following. It is possible to find 
famihcs A = [Ab) G ip'^^^iY) such that each Ab is invertible as a bounded operator, 
but the family {A'^^) is not in ip'inv^^)^ although it consists of invariant, pseudodif- 
ferential operators. This pathology is due to the support condition. Nevertheless, 
for Q consisting of abelian groups, it is easy to remedy this pathology by enlarging 
the algebra ip^^iY), as follows. 

Since the enlargement of the algebra V'in^ 0^) i^ done locally, we may assume that 

Y is a flat ^-space. The residual ideal of the algebra V'i^v(^) is V'inv"!^) and consists 
of operators that are regularizing along each fiber. More precisely, it consists of 
those families of smoothing operators on Y = B x Z xW that are translation- 
invariant under the action of R'' and have compactly supported convolution kernels. 
Thus 

V-in^C^) - C^{B X M«; *-°°(Z)) C S{B x W>; *-°°(Z)) ^ S{B x Z x Z x W>). 

(Here S is the generic notation for the space of Schwartz functions on a suitable 
space, in this case on _B x R"*, with values regularizing operators.) The second 
isomorphism above is obtained from the isomorphism 

*-°°(Z) ~C°°(Zx Z), 

defined by the choice of a nowhere vanishing density on Z . If we also endow ^^°°(Z) 
with the locally convex topology induced by this isomorphism, then it becomes a 
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nuclear, locally convex space. We now enlarge the algebra tp^^{Y) to include all 
invariant, regularizing operators whose kernels are in S{B x Z x Z x W^): 

(5) ^Z.{Y) = <^(r) +S{BxZxZx K«). 

ExpHcitly, the action of T e S{B x Z x Z x M?) on a smooth function f eC^{B x 
Z xR'^) is given by 

Tf{h,yi,t)= I T{b,yi,yo,t- s)f{b,yo,s)dyods. 

JzxMi 

For B reduced to a point, the algebras ^i^v(^) were introduced in [^ as the range 

space of the indicial map for pseudodifferential operators on manifolds with corners 

Still assuming that we are in the case of a flat G-space, we notice that the Fourier 

transformation ^2 in the translation-invariant directions gives a dual identification 

(6) *inr(F) 3T ^f -.^ T2TT^^ e S{B X Z X Z xm) = S{B x ]R«; 'J'-°°(Z)) 

with the space of Schwartz functions with values in the smoothing ideal of Z. 
The point of this identiflcation is that the convolution product is transformed into 
the pointwise product. The Schwartz topology from (m then gives '^^'^{Y) the 
structure of a nuclear locally convex topological algebra. Following the same recipe, 
the Fourier transform also gives rise to an indicial family 

(7) $ : -^fSviY) 3T^f:= T2TT^^ eC°°iB x M'; ^°^{Z)). 

We denote 

f(r) = <f>(r)(r). 

The map $ is not an isomorphism since A{t) has joint symbolic properties in the 
variables of M.'^ and the fiber variables of T*Z. Actually, the principal symbols of 
the operators A{t) is constant on the fibers of T*^j.^Y -^ B. 

Lemma 1. Assume Y — B x Z xW is a flat Q-space. Then the action of the group 
GLq{R) on the last factor ofY — BxZxW^ extends to an action by automorphisms 
ofC°°{B,GL,{R)) on ^P°^,{Y) and on *- (F). 

Proof. The vector representation of GLg(R) on the second component oi Z xW 
defines an action of GLq{R) on "^""{Z x W^) that preserves the class of properly 
supported operators and the products of such operators. It also normalizes the 
group W^ of translations, and hence it maps K''-invariant operators to R'^-invariant 
operators. This property extends right away to the action of C°°(i3, GLg(R)) on 
famihes of operators on B x Z xW, and hence C°°{B,GLq{R)) maps VS^(r) 
isomorphically to itself. From the isomorphism (m), we see that C°°{B, GLq(R)) also 
maps ^i^^(i^) to itself. This gives an action by automorphisms of C°°(i?, GLg(R)) 
on *,^^(r), which is the sum of *,^^(F) and ip^^{Y). D 



Suppose the family of Lie groups Q consists of abelian Lie groups, so that Q is 
a vector bundle, G = g. By choosing a lift of Y/Q — > Y, which is possible because 
the fibers are contractable, we obtain that locally the bundle Y is isomorphic to a 
flat Q space. Then the above lemma allows us to extend the previous definitions, 
including those of the algebras '^'^^{Y) and of the indicial family from the flat case 
to the case G abelian. The indicial family A of an operator A e '^f^^ (Y) , will then 
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be a family of pseudodifferential operators acting on the fibers oi Y Xb Q* -^2* 
(here g* is the dual of the vector bundle g): 

(8) i(r) e **(n/a6), ifre0^ 

The action of GLq (M) in the above lemma will have to be replaced with the group 
of gauge-transformations of g. 

We can look at the general abelian Q from the point an other, related point 
of view also. Let Z := Y/Q, which is again a fiber bundle Z -^ B. The algebra 
ipf^^{Z) of smooth families of pseudodifferential operators along the fibers of Z — > i? 
can be regarded as the algebra of sections of a vector bundle on Z (with infinite 
dimensional fibers). We can lift this vector bundle to g* and then A is a section of 
this lifted vector bundle over g*, and we write this as follows: 

(9) Aer{s*,^Z{z)). 

The considerations of this section extend immediately to operators acting be- 
tween sections of a t/-equi variant vector bundles. If Eq and Ei are t/-equi variant 
vector bundles, we denote by iI}'^{Y\Eq,Ei) the space of ^-invariant families of 
order m pseudodifferential operators acting on sections of E'oi with values sections 
of -El, whose convolution kernels have compact support. 

2. The equivariant family index: Definition 

We now define study invariants of elliptic operators in M^i'ip^-yiY)), the main 
invariant being the (equivariant family) index of such an invariant, elliptic family. 
For Q consisting of simply connected, solvable Lie groups and dimK > AvcuQ^ we 
then show that the (equivariant family) index gives the obstruction for family A = 
{Ab) e MAr(V'™^(F)) to have a perturbation by a family R = (Rb) G Afjv(V'inr(^))' 
such that A + R= {At + Rb) be invertible, for all b ^ B, between suitable Sobolev 
spaces, see Theorem |l|. For families of abelian Lie groups G, we give an interpreta- 
tion of the index of an elliptic operator in terms of its indicial family. This leads 
to an Atiyah-Singer index type formula for the Chern character of the index of a 
family of invariant, elliptic operators. If Q is abelian (that is, if its fibers are abelian 
Lie groups), then we can consider the algebra ^i^v(^) instead of ^p^^{Y). 

We now proceed to define the index of an elliptic family A e iJ^l^vO^)- This will 
be done using the -fC-theory of Banach algebras. Let C*{Y,Q) be the closure of 
ipl^^{Y) with respect to the norm 

||A||=sup||A,|| 

each operator Ab acting on the Hilbert space of square integrable densities on the 
fiber Yb. liY = G, then we also write C;{g,g) = C;{g), C;{g) is the reduced 
C*-algebra associated to g, regarded as a groupoid. For each locally compact space 
X, we denote by Co{X) the space of continuous functions vanishing at infinity on 
X. Then, if g is abehan, we have C;(a) ^ Co{g*). 

We shall use below (g), the minimal tensor product of C*-algebras. This minimal 
tensor product is defined to be (isomorphic to) the completion of the image of 
TTi (E) TT2, the tensor product of two injective representations tti and tt2. For the 
cases we are interested in, the minimal and the maximal tensor product coincide 
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Lemma 2. Assume dimy > diTaQ. Also, let fC — IC{Yi,/Oi,) denote the algebra 
of compact operators on one of the fibers Yb/Qb- for some fixed but arbitrary b E B. 
Then 

c;{Y,g)^c;{g)%,ic. 

Consequently, K,{C;{Y,g)) ~ K,{C;{g)). 

Proof. Let 21 be the space of sections of the bundle of algebras /C(Yf,/^f,). If Y 
is a flat ^-space, then the isomorphism C*{Y,g) ~ C*{g)®lC follows, for exam- 
ple, from the results of |22]. In general, this local isomorphism gives C*iY,g) ~ 

C*r{Q)®Co(B)'^- _ 

Our assumptions imply that /C is infinite dimensional, and hence its group of 
automorphisms is contractable, see |lq]. Consequently, there is no obstruction to 
trivialize the bundle of algebras ICiYbigb), and hence 21 ~ Co{B)®lC. We obtain 

c;{Y,g) ^ c;{g)®c„(B)^ ^ c:{g)®co{B)Co{B)®ic ~ c;(g)®/c. 

The last part of lemma follows from the above results and from the natural 
isomorphism Ki(A(S)IC) ~ Ki{A), valid for any C*-algebra A. D 

We proceed now to define the index of an elliptic, invariant family of operators 

A = (Ab) G M^(v^a(r)) = Cv(y;C^)- 

We assume first that Y/g is compact, for simplicity; otherwise, we need to use 
algebras with adjoint units. We observe that there exists an exact sequence 

(10) -. c;{Y, g)^£^ c°^{s:,rtY) - o, s-.^ <,(y) + c;{y, g), 

obtained using the results of ^^ . The operator A (or, rather, the family of operators 
A = {Ab)) has an invcrtible principal symbol, and hence the family T — (Tb), 

Tb:={l + AlAb)~^/^Ab, 

consists of elliptic, invariant operators. Moreover, T is an element oi £ :— ip^^-^^{Y) + 
C*{Y,g), its principal symbol is still invertible, and hence defines a class [T] G 
K,{C°-{S;,,,Y))^K'iS;,,,Y). Let 

d : Kl^'{S:^^rtY) - K''iC:iY,g)) 0, K,{C:{Y,g)) 
be the boundary map in the K-theory exact sequence 

Ki'%c;{Y,g)) ^ A7'»(£) ^ Kf\s:,,tY) ^ KS'%c:iY,g)) 

^<^(£)^<^(5:,,,y) 

associated to the exact sequence (p^. Because Ko{C*{Y,g)) ~ Ko{C*{g)), by 
Lemma 0, we get a group morphism 

(11) ind, : KfHC^iS:,,,Y)) ^ KoiC;ig)), 

which we shall call the analytic index morphism. The image of A under the compo- 
sition of the above maps is inda([T]), will be denoted indQ(A), and will be called the 
analytic index of A. A more direct but longer definition is contained in the proof 
of Theorem |l| below (see Equation (|l3|)). The analytic index morphism descends 
in this case to a group morphism K^^{C°°{S*^j,f.Y)) — > Ko{C*{g)) denoted in the 
same way. For g abelian, we can replace £ with ^^^^(F) and C*{g) with ^r^(y). 
We denote by In the unit of the matrix algebra Mn{£). If A G ■ipi^-^^{Y; E), 
we can find N large such that 'ip^^.^{Y;E) C MN{^f^^{Y)) with 1 mapping to the 
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projector e under this isomorphism. Then A + (In — e) is invertible in this matrix 
algebra, and we define then inda(^) = inda(^ + /Ar — e). If Y/Q is not compact, this 
definition of the index apphes only to elliptic operators in Ij\[ + M]\[{'iljf^^{Y;E)). 
All results below extend to these operators, after obvious changes. 

For differential operators acting between sections of different bundles, we can 
define the analytic index using the adiabatic groupoid of Q as in p4 . For arbitrary 
elliptic pseudodifferential operators A G ^pl^^{Y;Eo,Ei), acting between sections 
of possibly different vector bundles, we can define the index using Kasparov's bi- 
variant K-Theory. Since for Y/Q non-compact, no element in ■(/'^^^(F; £'0, i?i) is 
invertible modulo regularizing operators, we must allow more general operators in 
this case. For example, we can take A e r(F, Hom(£;o,^i))^ + V'hiv(^; -^0, £^1), 
provided that it is bounded. li A £ tpl^^{Y;Eo,Ei), m > 0, we replace A by 
(1 + AA*)^^/^A, which will be an operator in the closure of ijjf^^{Y;Eo,Ei), by 
the results of |2^. If A is elliptic, then the resulting family defines by defini- 
tion an element of KK{C,C*{G))- To obtain the index, we use the isomorphism 
KK{C,C*{g)) = Ko{C*{g)). This definition has the disadvantage that we must 
always work with C*{g), the closure of ipfnviG)^ ^^"^ ^"^ cannot use ^i7iv°(^)- 

The main property of the analytic index of an operator A is that it gives the 
obstruction to the existence of invertible perturbations of A by lower order opera- 
tors. We denote by H^{Yt) the sth Sobolev space of 1/2-densities on Yj,, which is 
uniquely defined because of the bounded geometry of Yf,, for Y/Q compact. More 
precisely, H^iYb) is, by definition, the domain of (1 + D*Dy/^"^, if D G V'Sv(^) is 
elliptic and s > 0. For s < 0, H^iYb) is, by definition, the dual of H^^Yb). 

Theorem 1. Let Q ^ B be a bundle of Lie groups acting on the fiber bundle 
Y ^ B, as above, and assume that Y/Q is compact, of positive dimension. Let 
A G 'tp"j^^(Y,C-^) be an elliptic operator. Then we can find R G i^l^~ {Y,C^) such 
that 

Ab + Rb-. H%Yb)^ ^ H'-"\Yb)^ 
is invertible for all b d B if, and only if, inda(74) = 0. Moreover, if mda{ A) = 0, 
then we can choose R G V'in^l^)- ^^^ same result holds if Y/Q is non-compact 
and A G T{Y, Hom(ii^o, Ei))^ + iIj^^-^^{Y; Eq, Ei) is elliptic and bounded. 

Proof. It is clear from definition that if we can find R with the desired properties, 
then inda(A) = G K°{g*). Suppose now that A G V?JJ^(y,C^) is elliptic and has 
vanishing analytic index. Using the notation T = (1 + AA*)^^/^A, we see that Ab 
is invertible between the indicated Sobolev spaces if, and only if, Tb is invertible as 
a bounded operator on L'^{Yb)^ . We can hence assume that m = and T = A. 

Because C*{Y,Q) satisfies C*{Y,Q) ~ C*{Q)'SilC, by Lemma [2], we can use some 
general techniques to prove that the vanishing of indo(^) implies that A has a 
perturbation by invariant, regularizing operators in tjj^^{Y,C^) that is invertible 
on each fiber. We fix an isomorphism Mn{C*{Y, Q)) = C*{Q) (g) K.. We now review 
this general technique using a generalization of an argument from p% . Let £ be 
the algebra introduced in Equation (pi3|). We denote by In the unit of the matrix 
algebra Mn{£). Also, denote by £ the closure of £ in norm. 

Choose a sequence of projections p„ G /C, dimp„ = n, such that p„ — > 1 in the 
strong topology. Because Ab is invertible modulo C*(t/fc) ® /C, we can find a large 
n and i? G MAr(^r^(y)) such that 

J^b :- Ab®Rb: L\Ybf © L^Ybf ^ L^Ybf 
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is surjective and (1 ® Pn)Rb{^ ® Pn) = ^6, for all b ^ B. Then {0} is not in the 
spectrum of A'A'*, and we can consider V := {A'A'*)~^^/^A' e Mn{£), which by 
construction satisfies VV* = In € Mn{£). Consequently, y*V^ is a projection in 
M2n{£)- Because A is invertible modulo Mn{C*{Q) (g) K.), 

v*v- VV* e M2N{c;{g) ® /c). 

Let e — In ® {I 'S>Pn) — V*V, which is also a projection, by construction. Moreover, 

(12) e-(l®p„)eM27v(C;(e)®/C), 

and hence both e and IC^Pn are projection in Af27v(C*(t/)+ ® /C) (for any algebra 
B, we denote by 5+ the algebra with adjoint unit). Equation (O) gives that, by 
definition, [e] — [1(g) p„] defines a /f-theory class in Ko(C*{Q)). From definition, we 
get then 

(13) mda{A)^[e]-[l®pn]. 

Now, if indQ(yl) — 0, then we can find k such that e © 1 p^ is (Murray- von 
Neumann) equivalent to 1 iSi pn+k- By replacing our original choice for n with 
n + fc, we may assume that e and 1 (g)p„ are equivalent, and hence that we can find 
u e CI2N + M2n{C*{Q) <E) JC) with the following properties: there exists a large I 
and X G M2n{C*{Q)) such that, if we denote eo = 1 (gp; ® 1 ®Pm then u — I2N + 
eoxeo and e = u{l ®pn)u~^. Then Fm is in M„(f) (more precisely InVIn — V) 
and is invertible. Consequently B := {A'A'*y/^V is also invertible. But i? is a 
perturbation of A' , and hence also of A, by an element in M2n{C*{G) 'S> IC). Since 
V'inv°(^) is dense in C*{Q), this gives the result. D 

3. The index for bundles of solvable Lie groups 

We now treat in more detail the case of bundles of solvable Lie groups, when 
more precise results can be obtained. Other classes of groups will lead to completely 
different problems and results, so we leave their study for the future. The class of 
simply-connected solvable fibers is rich enough and has many specific features, so 
we content ourselves from now on with this case only. 

Assumption. From now on and throughout this paper, we shall assume that the 
family Q consists of simply- connected solvable Lie groups. By "simply-connected" 
we mean, as usual, "connected with trivial fundamental group." 

We shall denote by g ^ i? the bimdle of Lie algebras of the groups Qb, Qh — 
Lie{Gb) and by 

exp : g-^ g. 

the exponential map. 

Because all the groups Qb are solvable, we have that the enveloping C* algebra 
of g, that is, C*{g) is isomorphic to the reduced C*-algebra of g-. C*{g) ~ C;{g), 
so we can drop the index "r" from the notation. 

In order to study the algebra C*{g) = C*{g) and its -fC-groups, we shall deform 
it to a commutative algebra. This deformation is obtained as follows. Let gad = 
{0} X U (0, 1] X g, Bi = [0, 1] X B, and d : gad -^ Bi be the natural projection. 
On gad we put the smooth structure induced by 

4> ■■ Bi X g -^ gad 
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0(0, X) = (0,X) and 0(t, X) = (t,exp{tY)), which is a bijection for all {t,X) e 
[0, 1] X g in a small neighborhood of {0} x g U -Bi x {0}. Then we endow Qad with 
the Lie bundle structure induced by the pointwise product. Evaluation at i e [0, 1] 
induces algebra morphisms 

and 

Passing to completions, we obtain morphisms et from C*{Qad) to C*{Q), for i > 0, 
and to C*(d^^(0) x B) ~ Cq{q*), for f = 0. (This construction should be compared 
to that of the normal groupoid |44|.) 

Lemma 3. The morphisms et : C*{Qad) ^^ C*{G), for t > 0, and eo : C*{Qad) — > 
Co{q*), for t — 0, induce isomorphisms in K -theory. 

Proof. Assume first that there exists a Lie group bundle morphism Q ^ B x M. 
(In other words, there exists a smooth map 5 — *■ R that is a morphism on each 
fiber.) Let Q' denote the kernel of this morphism and let G'^d be obtained from Q' 
by the same deformation construction by which Qad was obtained from G- Then we 
obtain a smooth map Gad ^* ^ that is a group morphism on each fiber, and hence 

C*{Gad) ^ C*iGad) X K, C'*iG) ^ C*iG') X R, and Co(fl*) ~ Co(fl'*) x R. 

Moreover, all above isomorphisms are natural, and hence compatible with the mor- 
phisms et- Assuming now that the result was proved for all Lie group bundles of 
smaller dimension, we obtain the desired result for G using Connes' Thom isomor- 
phism in iiT-theory p^ , which in this particular case gives: 

K,{C*{Gad)) ^ K,+i{C*{G'ad)), K,{C*{G)) ^ K,+i{C*{G')), and 

K,{Co{q*)) - K,+i{Co{2'*)). 

This will allow us to complete the result in the following way. Let Uk be the 
open subset of B consisting of those b ^ B such that [^fc,^fc] has dimension > k. 
From the Five Lemma and the six term exact sequences in if-theory associated 
to the ideal C*{Gad\uk^Uk+i) of C*{Gad\uk-i^Uk+i)^ for each k, we see that it is 
enough to prove our result for Gad\uk-^Uk+i for ^-U k. Thus, by replacing B with 
Uk \ Uk+i, we may assume that the rank of the abelianization of Gb is independent 
of b. Consequently, the abelianizations of Gb form a vector bundle 

A:=uGb/[Gb,Gb] 

on B. 

A similar argument, using the Meyer- Vietoris exact sequence in X-theory and 
the compatibility of i^T-theory with inductive limits |12], shows that we may also 
assume the vector bundle A of abelianizations to be trivial. Then the argument at 
the beginning of the proof applies, and the result is proved. D 

From the above lemma we immediately obtain the following corollary: 
Corollary 1. Let G be a bundle of simply connected, solvable Lie groups. Then 

K,{C*iG))^KdCo{9*))^K\s*)- 
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We now give an interpretation of mda{A), for Q abelian, using the properties of 
the indicial family A{t) of A. We assume that Y/Q is compact. 

We shall also use the following construction. Let X be a compact manifold 
with boundary. Let T{x) be a family of elliptic pseudodifferential operators acting 
between sections of two smooth vector bundles, Eg and Ei, on the fibers of a fiber 
bundle M —^ X whose fibers are compact manifolds without corners. Then we can 
realize the index of T as an element in the relative group K'^{X, dX). This can be 
done directly using Kasparov's theory or by the "Atiyah-Singer trick" as follows. 
We and proceed as in H, Proposition (2.2), to define a smooth family of maps 
R{x) : C^ -» C°°(Y), such that the induced map 

V -.^T^R: C°°{Xf e C°°(X, L^{Y- Eq)) -^ C°°(X, L^{Y; Ei)) 

is onto for each x. Since T{x) is invertible for x G dX, we can choose R{x) ~ for 
X G dX. Then ker(y) is a vector bundle on X, which is canonically trivial on the 
boundary dX . The general definition of the index of the family T in M is that of 
the difference of the kernel bundle ker(y) and the trivial bundle X x C . Since the 
bundle ker(V) is canonically trivial on the boundary of X , we obtain an element 

deg(r) EK^{X,dX). 

The degree is invariant with respect to homotopies Tj of families of operators on 
X that are invertible on dX throughout the homotopy. We shall use the degree in 
Theorem |^ for X = Bf(, a large closed ball in Q* ~ Q*, or for X being the radial 
compactification of g*. If the boundary of X is empty, this construction goes back 
to Atiyah and Singer and then deg(T) is simply the family index of T. If dX is not 
empty, this definition of deg(r) is due to Melrose. We note that when dX ^ 0, the 
degree is not a local quantity in T, in the sense that it depends on more than just 
the principal symbol. 

Assume now that the family T above consists of order zero operators and T(x) is a 
multiplication operator for each x G dX. We want to compute the Chern character 
of deg(r) using the Atiyah-Singer family index formula 0, 0]- To introduce the 
main ingredients of the index formula, denote by S'^^^^M the set of unit vectors in 
the dual of the vertical tangent bundle Tye.rtM to the fibers of M -^ A". Because the 
family T is elliptic, the principal symbols define an invertible matrix of functions 

a = ao(r) e C°^{S:,,^M-Uoin{Eo,E^)). 

Since the operators T{x) are multiplication operators, we can then extend a to an 
invertible endomorphism on Sm '■= Syg^^^MUB* , with B* denoting the set of vertical 
cotangent vectors of length < 1 above dX , as in [Q. The constructions of |g, 0] are 
in terms of [a'] G K'^{T*^j.fM,T*^j.fM\gM) obtained by applying the clutching (or 
difference) construction to a. Explicitly, [a'] is represented by {Eo,Ei,ai) (where 
ai is a smooth function that coincides with a outside a neighborhood of the zero 
section). It defines an element in 

because a defines an endomorphism of the trivial bundle C^ which is invertible 
outside a compact set (see ||]). 

When Eq = El, we can assume that Eq = Ei = M x C^ are trivial of rank N, 
and we have that a is an invertible matrix valued function, which hence defines an 
element [a] G K^{Sm)- Let Bi be the set of vectors of norm at most 1 in T*M. 
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After the identification (up to hoineoinorphism) of Bi \ Sm, the interior of Sm, 
with the difference T*^j.fM \ rjg^jM|gM, we have 

We denote by tt* : H*{Sm) -^ H*^'^"+^{X,dX) the integration along the fibers, 
where n is the dimension of the fibers of M — > X. Integration along the fibers in 
this case is the composition of 

d : H*{Sm) -^ H*+\Bi,Sm) - H:+\T:^,tM \ T^w^^Iom) 
and 

n, : H:{T:,,,M X T:,,^M\9m) - H:-^^{X \ dX) 
obtained by integration along the fibers of the bundle T*^^^M \ T*^^^M\qm -^ 
X\dX: 

TT* = TT* O d. 

To state the following result, we also need Ch : Ki{Sm) -^ H°'^'''{Sm), the Chern 
character in iiT- Theory and T, the Todd class of (T^g^jM) (g) C, the complexified 
vertical tangent bundle of the fibration AI -^ X, as in m. Using the notation 
introduced above, we have: 

Theorem 2. Let M —> X he a smooth fiber bundle whose fibers are smooth mani- 
folds (without corners), and let T be a family of order zero elliptic pseudodifferential 
operators acting along the fibers of M ^ X. Assume X is a manifold with bound- 
ary dX such that the operators T{x) are multiplication operators on dX , also let 
[a'] and [a] be the classes defined above. Then 

Ch{deg{T)) = (-l)"^,(C/i[a']r) G H*{X,dX), 

IfEo ^ El, then we also have Ch{deg{T)) = (-l)"7r, (C/i[a]r). 

Proof. For continuous families T(x) that are multiplication operators on the bound- 
ary dX, the degree is a local quantity ~ it depends only on the principal symbol - 
so we can follow word for word H to prove that 

Ch{deg{T)) = {-l)"n, {Ch[a']T) e H*{X,dX). 

When Eo^Ei, using Ch[a'] = Ch{d[a]) = dCh[a], we get 

C/i(deg(T)) = {-!)'' n,{dCh[a]T) = {-iy'n,od{Ch[a]T) 

= (-l)"7r, (C/i[a]T) e H*{X,dX). 
This completes the proof. D 

It is interesting to note that it is not possible in general to give a formula for 
C/i(deg(r)) only in terms of its principal symbol, without further assumptions on 
T. A consequence is that, in general, the formula for Cft.(deg(T)) will involve some 
non-local invariants. It would be nevertheless useful to find such a formula. 

Returning to our considerations, we continue to assume that Z := Y/Q is com- 
pact, and we fix a metric on Q (which, we recall, is a vector bundle in these consid- 
erations). If v4 e ^j^^(F; EqjEi) is elliptic (in the sense that its principal symbol is 
invertible outside the zero section), then the indicial operators A(t) are invertible 
for \t\ > R, t ^ Q* , and some large R. In particular, by restricting the family A to 
the ball 

Br:^{\t\<R}, 
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we obtain a family of elliptic operators that are invertible on the boundary of Bn, 
and hence A defines an element 

(14) degg{A) := deg(i) e K'^iBn, OBr) ~ K°{g*) 

in the ii'-group of the ball of radius R, relative to its boundary, as explained above, 
called also the degree of A. 

We want a formula for the Chcrn character of the degree of yl G '^'^^(Y; Eq, Ei). 
Because A is elliptic, its principal symbol defines a class [a'] G K'^{{T*^^fY)/Q). 
If Eq and Ei are isomorphic, then it also defines a class [a] € K'^{{S'*^j.fY)/Q). 
Denote by n the dimension of the quotient Zf, = Y^/Qi, (which is independent of b 
because we assumed B connected), and let tt : {Sl^^iY)/Q -^ B he the projection 
and 

** : H*{{T:,,,Y)/g) ^ ffr^"(0*) 

TT, : ij*((5,v,r)/a) ^ i/r2„+i(g*) 

be the integration along the fibers in cohomology. Then 

Ch{degg{A)) e ff;(0*) ^ H*+^\B,0), 

and the following theorem gives a formula for this cohomology class in terms of the 
classes [a'] or [a] defined above. 

We denote by T the Todd class of the vector bundle {T^ertY)/Q ® <C ^ YjQ. 
We assume B to be compact. 

Theorems. If A G '$'^^{Y;Eo,Ei) is elliptic, then the Chern character of 
degg (A) is given by 

Ch{degg{A)) = {-irn4Ch[a']T) e i/*(g*). 

Moreover, Ch{deggiA)) = (-l)"7r* (C/i[a]r) if Eq = Ei. 

Observations. It is almost always the case that Eq ^ Ei. For example, it is easy 
to see that this must happen if the Eulcr characteristic of {T*^j.f.Y)/Q vanishes. 
Since Q — B xM."^ in many applications, this assumption is satisfied if g > 0. 

Another observation is that if the set of elliptic elements in '^'?^^{Y;Eo,Ei) is 
not empty, Z := Y/Q is compact. 

Proof. We cannot use Theorem directly because our family A does not consist 
of multiplication operators on the boundary. Nevertheless, we can deform A to a 
family of operators that are multiplication operators at cxd, for suitable A. We now 
construct this deformation. 

Let E he a. vector bundle over V . We consider classical symbols S^J^{E) whose 
support projects onto a compact subset of V . Let 

Ay := {TvertY)/Q = TvertZ Xb 0. 

First we need to define a nice quantization map q : 5""(>ly) -^ Vim(^)- To 
this end, we proceed as usual, using local coordinates, local quantization maps, 
and partitions of unity, but being careful to keep into account the extra structure 
afforded by our settings: the fibration over B and the action of Q. Here are the 
details of how this is done. 

Fix a cross section for F ^ Z := Y/Q and, using it, identify Y with Z Xb G 
as ^-spaces. Denote by po : ^ ^ -B the natural projection. We cover B with 
open sets Ua' that are diffeomorphic to open balls in a Euclidean space such that 
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Z\ij , = Ua' X F and G\u , — Ua' x K*- We also cover F with open domains of 
coordinate charts Va" . Then we let Wa — pQ^{Ua') n Va", with a ~ (a', a"). The 
natural coordinate maps on Wa then give rise to a quantization map 

(16) fci^ri^ykJ^V-tavlW^aXsa), qa{a) = a{h,x,D^,Dt), 
where we identify 

(17) 5r(^ykJ = ^r(r:ert(W^a) xb Q) - S'^{Ua- x T*Va'. X E*«). 

Denote by 6 e [/„', (x,y) £ T*Va» = Va" x R*", and r £ K*"^ the corresponding 
coordinate maps. Then qa{a) — a{b,x,Dx,Dt) acts on C^(Ua' x T*Va" x M') as 

a{b,x,Dx,Dt)u{b,x,t) 

= {2ni)-"--'^ f ( f e'(=^-^)-«+*(*-")-^a(fo, x, y, T)u{b, z, s)dsdz] dydr. 
Choose now a partition of unity 0^ subordinated to VFc and let 

qia) = y^ga('/'aa)0a- 
a 

The main properties of q are the following: 

1. if a has order m, then am{q{a)) = a, modulo symbols of lower order; 

2. there exist maps qt : ^"(r*^^) -^ 1''"(Zb) such that 

9(a)('^) = qb{a{-,T)) = a{b,x,T + D.^), 

a T e qI and X G Zb; 

3. the maps qb define a quantization map 

g:r(0*,5"(r4,,z))^r(0*,*™(z)), 

where we regard 'i>"^{Zi,) as defining a bundle of algebras, ^"^{Z), on B, first, 
and then on g*, by pull-back. Similarly, we regard S"^{T*^^fZ) as defining 
a bundle over Z, which we then pull back to a bundle on g*. (See also the 
discussion related to Equations (|g) and (^.) 

The deformation of our family is obtained as follows. Let \t\ and |y| be the 
norms r G g* and y £ T*^.^^Z. Define then 

(18) (/.2(y,r) = l + A|y|2 + A(l + A|rn-i|y|2 and V^-^^^^^^ ^ ^ ^ _^|^|2^ 

which are chosen to satisfy 1 + <j>1\t\'^ + tpl\y\'^ = 1 + |rp + jyp + A|Tp|yp. For any 
symbol aeS'^iAl.), A^, = T*^.,tZ x^ g*, we let 

aA,r(j/) = aiijjxy, 0at), A e [0, 1], r e g^, and y e T*Zh. 

We can define then Ax{t) := qi,{ax^T), t G 0^, which is the same as saying that 
Ax = q{ax,T), and these operators will satisfy the following properties: 

1. For each fixed A, the operators A\{t) define a section of ^™(Z) over g* 
and these sections depend smoothly on A (in other words, A\{t) depends 
smoothly on both A and t, in any trivialization); 

2. Ao{t) = q{a){T), for all r; 

3. For each nonzero t' S g* and A > 0, the limit limyl.A(tT') exists and is a 

t — >oo 

multiplication operator; 
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4. If a, 6 e S'^{Ay) are such that ab = 1, a is homogeneous of order zero outside 
the unit ball, and if we define A\ :~ q{a\^T-) and Ba.t '■= Qib\,T-), then there 
exists a constant C > such that 

\\A^{r)B^{r)-l\\<Cil + \T\)-' 

and similarly 

\\B,{T)A,{T)-l\\<C{l + \r\)-' 

For all T and A; 

5. All these estimates extend in an obvious way to matrix valued symbols. 

These properties are proved as follows. We first recall that, for any vector bundle 
E, we can identify the space of classical symbols S^{E) with C^{Ei), the space 
of compactly supported functions on Ei, the unit ball of E, by Ei \ dEi B £, ^ 
(1 — lli^lP)^^^ G E. For any quantization map, the norm of the resulting operator 
will depend on finitely many derivatives. Because we can extend oa.t to a smooth 
function on the radial compactification of Ay, the first property follows. The second 
property is obvious. The third property is obtained using the same argument 
and observing that, for A > 0, we can further extend our function to the radial 
compactification in A also. By investigating what this limit is along various rays, 
we obtain the third property. 

The fourth property is obtained using the following observation: there exist a 
constant C > and seminorms || ■ ||o on S^{T*R") and || ■ ||_i on S-^{T*W) such 
that, for any symbols a,b e S'°(T*R"), 

\\{ab){x,D,)~a{x,D,)b{x,D,)\\<J2C{\\a\\o\\dy^b\\-, + \\dy^a\\^^\\b\\o), 

3 

dy. being all derivatives in the symbolic directions (whose coordinates are denoted 
by y). Finally, the fifth property is obvious. 

We now turn to the proof of the formula for the degree of A stated in our theorem. 
We prove it by a sequence of successive reductions, using the facts established above. 
First, it is easy to see that degg[A) depends only on its principal symbol, and hence 
we can assume that A has order zero and A — q{a), where a = (jq[A). 

The above deformation can be used to prove our theorem as follows. Fix R large 
enough, and restrict the families A\ to the closed ball of radius i? in g*. For \t\ — R 
large enough, all operators A\{t), A G [0, 1] are invertible, so the degree deg{A\) 
of these families is defined and does not depend on A or i?, provided that R is large 
enough. Since degg(A) = deg(Ao), by definition, it is enough to compute Aeg{A\), 
for any given A. Choose then A > arbitrary, and let i? — > oo. Then the family A\ 
extends to a continuous family on the radial compactification of g*, which consists 
of multiplication operators on the boundary. Moreover, the symbol class of A\ is 
nothing by the extension of a\ (r) to the radial compactification in t and A (which 
is a manifold with corners of codimension two) . 

We can use then Theorem g to conclude that 

deg(^,) = {-ir^,{Ch[a'^]T) e H:{q*). 

But ax is homotopic to a through symbols that are invertible outside a fixed com- 
pact set, so [a^] = [a']. We get 

deg{A) = {-lT^^{Ch[a']r) e h:{q*). 
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To obtain the second form of our formula for Eq = Ei, and thus finish the proof, 
we proceed as at the end of the proof of Theorem || using C/i[a'] = dCh[a]. D 

To prove the following result, we shall use terminology from algebraic topology: 
if Ik C Ak are two-sided ideal of some algebras Aq and Ai and cj) : Aq ~> Ai is an 
algebra morphism, we say that (j) induces a morphism of pairs 4> : (Aq, Iq) ^ {Ai,Ii) 
if, by definition, (/"(/o) C /i. 

Theorem 4. Let G be a bundle of abelian Lie groups and A G ^[^^(y; C^) be an 
elliptic element. Then 

indaiA) = dcgg{A) G i^"(0*). 

Proof. Let Bji — {\t\ < R} C G* be as above. The algebra 

of C°°-families of pseudodifferential operators on Br acting on fibers oiY xb Br -^ 
Bh, contains as an ideal Jr = C^{Bii, '^~°°{Yb)), the space of families of smoothing 
operators that vanish to infinite order at the boundary of Br. If A is an elliptic 
family, as in the statement of the lemma, and if R is large enough, then A, the 
indicial family of A, defines by restriction an element of M]^{^r) that is invertible 
modulo Mjq{3R). 

Recall that the boundary map di in algebraic iiT-theory associated to the ideal "Jr 
of the algebra 21 ij gives di[A\ — Aegg{A), by definition. Also, the boundary map d^ 
in algebraic ii'-theory associated to the ideal '^^^{Y) of the algebra '^'?^^{Y) gives 
do[A\ = indo(^). We want to prove that di[A\ — d{)[A\. The desired equality will 
follow by a deformation argument, which involves constructing an algebra smoothly 
connecting the ideals 3r and '^^^(Y). 

Consider inside C°°([0, i?-i], *r~(y)) the subalgebra of famihes T = [T^) such 
that Tx{t) = for \t\ > x~-^. (In other words, T^ G U^:-!, if a; ^ 0, and Tq is 
arbitrary.) Denote this subalgebra by 3roo- Also, let Slj^oo be the set of families 
A = (Aj,), X G [0,i?-i], A^ G a^-i, if X ^ 0, Ao G ^Z^{Y) arbitrary such 
that the families AT := (Aj^Tj;) and TA —: (TxAj;) are in 3fl,oo, for all families 
T = (Tx) G 3roo. 

It follows that 3roo is a two-sided ideal in St^oo and that the natural restrictions 
of operators to a; = R^^ and, respectively, to x = 0, give rise to morphisms of pairs 

ei : (2l_Roo, J_Roo) -^ (2t_R,3i?), and 

eo : (a«oo,3i?oo) - {^^AY),K.7iY)). 
Moreover, the indicial family of the operator A gives rise, by restriction to larger 
and larger balls Br, to an invertible element in 21_roo, also denoted by A. Let d be 
the boundary map in algebraic if -theory associated to the pair (2tijoo, ^ijoo)- Then 
ieo)*d[A] = do[A] and iei),d[A] = di[A]. Since (eo)* : Ko^r^) ^ ifo(*,^r(^)) 
and (ei)* : KqCSroo) -^ ifo(3fl) are natural isomorphisms, our result follows. D 

We now drop the assumption above that G consist of abelian Lie groups, assum- 
ing instead that G consists of simply-connected solvable Lie groups, and want to 
compute the Chern character of the analytic index inda(A), for an elliptic family 
A G ?/'j™y(F). One difficulty that we encounter is that the space on which the prin- 
cipal symbols are defined, that is {S*^j.tY)/G^ is not orientable in general. (Recall 
that S*g^rtY is the space of vectors of length one of T^^^jF , the dual of the vertical 
tangent bundle T^ertY to the fibers of F ^ B.) 
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We denote by T the Todd class of the vector bundle {TyertY) / Q (8) C ^ Y/Q and 
by TT, the integration along the fibers of {Sl^^fY)/Q -^ B, as above. We assume B 
to be compact. 

Theorem 5. Let Q be a bundle of Lie groups whose fibers are simply- connected, 
solvable Lie groups. Let A G tphivO^''^^) ^^ "^^ elliptic, invariant family, and let 
[amiA)] g K^{{S*gj.fY)/0) be the class defined by the principal symbol amiA) of 
A. Then the Chern character of the analytic index of A is given by 

Ch{mda{A)) = (-l)"^,(C/i[a,„(A)]T) e H^iQ*), 

where n is the dimension of the fibers of {S*^^^Y)/Q — > B. 

Proof. Note first that we can deform the bundle of Lie groups Q to the bundle of 
commutative Lie groups g as before, using Qad- Moreover, we can keep the principal 
symbol of A constant along this deformation. This shows that we may assume Q to 
consist of commutative Lie groups, i.e. that 5 is a vector bundle. The result then 
follows from Theorems and 0. D 

Observations. We can extend the above theorems in several ways. First, we 
can drop the assumption that Z = Y/Q be compact, but then we need to consider 
bounded, elliptic elements A G Hom(£'o, Ei) + ^^^^{Y; Eo, Ei) (or, if Q consists of 
abelian Lie groups, then A G ilom{Eo,Ei) + ^pf^^{Y;Eo,Ei)). Also, in the last 
two theorems, we can allow operators acting between sections of different vector 
bundles. This will require to slightly modify the proof of Theorem y, cither by 
using a smooth version of bivariant X-theory 132] , or by using the usual bivariant 
iT-theory after we have taken the norm closures of the various ideals 3 decorated 
with various indices. We can also further integrate along the fibers of g* ^ i? to 
obtain a cohomological formula with values in H*{B; O), the cohomology with local 
coefficients in the orientation sheaf of g* — > B. This will be useful in Section ||. 

4. Regularized traces 

Having in mind future applications, we also want to give a local formula for the 
equi variant family index of an invariant, elliptic family of operators, as considered 
in the previous section. This will be done in terms of various residue type traces. 
In this section, we develop the analytic tools required to define these regularized 
traces. 

Assumption. Throughout the rest of this paper, we shall assume that Q consist 
of simply- connected, non-trivial abelian Lie groups, and hence that it is a non-zero 
vector bundle. 

Recall that F is a flat ^-bundle ii Y ^ B x Z x W and G ^ B x W {q > 0). 
The results we will establish are local in B, and hence we can reduce the general 
case to the flat case. Actually, it is easier to assume first that B is reduced to a 
point. We thus carry the analysis first in this case, and then we extend the results 
to the general case. The Lemma H and Proposition |l| are probably not new. We 
nevertheless include their proofs for completeness and to fix notation. 

There is an action of W on *,^^(^ x R'), the action of ^ G M« is obtained by 
multiplying the convolution kernel of an operator A G 'i'f^^{Z x R') by exp{it ■ ^), 
where i G K'' are coordinates for the second component in Z x M*. In terms of 
the Fourier transform representation of these operators, the action of ^ becomes 
translation by ^ G K*. 
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We shall denote by Tr the usual (Frcdholm) trace on the space of trace class 
operators on a given Hilbert space. 

Lemma 4. The space of W^ -invariant traces on ^r^(^xM') is one- dimensional. 

Proof. Consider the map 

(19) TY(^) = I Tr{A{T))dT. 

We need to show that this is the only invariant trace functional. In terms of 
indicial families, the infinitesimal generators of the R^-action correspond to the 
multiplication operators with the functions tk. Let 

HHo(*rnr (^ X M")) := ^7^{Z x M'')/[*,r-(Z x W>), ^7^^{Z x W)] 

be the first homology group of "^T^i^Z x R"^). It remains to show that the subspace 
ofHHo(*r^(ZxR9)) ~ 5(R9) spanned by tfeHHo(*r^(ZxR9)) has codimension 
1. Indeed, the kernel IIIIo(*i„^(Z x R'')) ^ C of the evaluation at is the span 
of tk HHo(1',r^(Z X R9)). This proves the lemma. D 

Let X be the identity function on [0, cxd) and Ig be a smooth function on [0, oo) 
such that l's{x) — x"^^ for a; > 1. (So that, in particular, li:,{x) — Inx, for x large.) 
We define then the spaces of functions 

Mk^S°^{[Q,oo))+C[x\lQ, forfceZ, 

and 

Ms^S°^{[Q,oo))ls, forseCxZ. 

Thus, M.Q consists of smooth functions on [0,cxd), that can be written, for any 

M e Z+, as 

-1 N 

(20) ,f(x)^hM(x)+ Y^ afea;'= + ^(6fc+Cfelogx)a;^ Vx > 1, 

k=-M k=0 

where a^, 5^,, c^ are complex parameters, N G Z_|_, and Km G 5'^'*^^"'^([0, oo)). Sim- 
ilarly, the space A^g, s ^"L, consists of smooth functions / G C°°([0, oo)) that can 
be written, for any M G Z+, as 

N 

(21) f{x)^hM{x)x'' + Y^ akX^+% Vx>l. 

fe=-M 

for some constants afe G C, A^ G Z, and Km G S^'^^^{[Q^ oo)). Fix M > max{s, 0} 
and i? > 1, and define 

(22) I{f){x) = f f(x)dx , 

J{) 



f= f{x)dx+ / hM{x)dx - Y l, a_ilogi? 

(24) -E^TT^^'"(fcTT)+''^°^^^' if/^-^''^^^ 

fc— 
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and 

(25) 

V^ Oik 



R roo N „, nfc+s+i 



pv— / f{x)dx= pv— / /= / f{x)dx+ / hM{x)x^dx 



^^ /c + s + 1 ' 



It is easy to see that I maps A4o to itself and that the definition of pv-^ / is 
independent of M and i?, for / G A^^, s G C. Moreover, 

(26) py^Ji''{f)=pv^Ji''+\n 

if / G Alo and A; > 0, because /'^(/) — I'^^^if) is a polynomial of degree at most 
k and pv-^ vanishes on polynomials. If s ^ Z, then / maps Ms to Ais + C[x] ~ 
Ms C[x], and since this is a direct sum decomposition, we can extend pv— f to 
A^s + C[a;] to vanish on polynomials, which guaranties that the Equation (Eq) is 
still satisfied. Moreover, if / € Ms is as in Equation (pi|), P{x) = J2k=o ^kx'^ , and 
g = f + P, then the original definition of pv-^ is still valid in this case, with the 
obvious changes: 

(27) pv- g= / g{x)dx+ hM{x)x''dx- ^ ^^^ ^ — 



^^ fc + s + 1 "^ k + l 

k=-M k=0 

The following lemma shows that pv-^ provides a natural extension of the integral 
on [0, oo) (which justifies the notation pv—Jf = pv—L f{x)dx), in the following 
sense. 

Lemma 5. Let fz{x) S iS'"([0, oo)) he holomorphic in z and gz{x) '■— fz{x){l + 
x)^^ . Then pv-^„ gz{x)dx is holomorphic on C \ {m + Z), with at most simple 
poles at m + Z, and pv-^„ gz{x)dx = L gz{x)dx for Re(z) > m + I, where the 
second integral is absolutely convergent. 

Proof. This follows from the fact that the right hand side of Equation (^) is 
holomorphic in / and s for s ^ Z. The same formula guarantees at most simple 
poles at s G Z. Since s = z — m, in our case, the result follows. D 

If / e C°°{R) is such that /+, /_ e Ms + C[X], for some s, where /+(t) = /(r) 
and f-{T) = f{—T), T > 0, we define 

pv-/ / = pv-/ /+ + pv-/ /_. 

We fix from now on a positive, invertible operator D G ^1^.^{Z x R'). Let 
C 3 z ^ A{z) e *;nv(^ X R9) be an entire function. Then 

(28) fz{r)^Tr[d:^{\T\''D{Ty^A{z,T))], fc e Z+ 

is defined and holomorphic for any multi-index a, for any Re(z — m) > dim Z— |a| = 
d — \a\, and for any fixed r e M"?. Moreover, by classical results (see |0, for 
example), the function z —> fzir) has a meromorphic extension to C, for each fixed 
T, with at most simple poles at integers. Let 

r? = (C \ Z) U {z e C, Re(z -m)> d- \a\}. 
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(Recall that d — dimZ). In the following proposition m does not have to be an 
integer. 

Proposition 1. Let A(z) G '^^^^{Z x R"?) be an entire function and D E ^?„y (Z x 
M') be an invertible, positive operator. Also, let fzir), defined for z G 57, be as in 
Equation (Eq) above. 

(i) The function fz{T) is in C°°(51 x M') and the map z —>■ fzir) is holomorphic 
on fl, for each fixed t e R*. 

(a) There is a holomorphic g : fl ^ 5"+''"l"l(M«) such that /^(r) = 5^(T)|T|'=-^ 
for all T such that \t\ > 1, and hence fz{xT) G Mm+d+k-z (o-s a function of x), 
for each fixed r 7^ 0. 

(Hi) The function z — > pv-^„ fz{xT)dx is holomorphic on <C\ (m + Z), with at 
most simple poles at n2 + Z. 

Proof. The proof for fc 7^ or a ^ (0, . • • ,0) is the same as that for fc = and 
a = (0, . . . , 0), so we shall assume that we are in the latter situation. Also, by 
replacing z by z — to, we can assume that tti G Z. 

We first prove the lemma for m = — cx), that is for A{z) G ^in^(^ x R''). Denote 
by K. the algebra of compact operators acting on L'^{Z) and by Ci C /C the normed 
ideal of trace class operators. For any M G Z+, the product D'^''{t)A{z,t) is in 
<S(R, Ci) = iS(R)(X)Ci (here ^ denotes the completed projective tensor product). 
Also, because D is invertible and positive, the function (z,r) -^ D{t)~^ G K. 
is differentiable, with bounded derivatives, and holomorphic in z, for Re(z) > 1. 
Since Tr : lC®Ci ^ C is continuous, it follows that the function 

{z,t) -> rr(7)(r)-"-*^-i^(T)*^+ii(z,r)) G C 

is differentiable, with bounded derivatives, and holomorphic in z for Re(z) > ~M . 
Since M is arbitrary, this proves (i) and (ii) for A{z) G '^i^iZ x W). The last 
statement is an immediate consequence of (ii), because z ^ g^ G 5(R'') is holomor- 
phic. 

Using now the fact that the lemma is true for A{z) in the residual ideal, we may 
assume, using a partition of unity, that Z = R'' and that the Schwartz convolution 
kernels of A{ztt) are contained in a fixed compact set. 

Let Ao,Ai > be the constant coefficient Laplacians on Z ~ W'- and R*, 
respectively. We define i?o = (1 + Aq + Ai)!/^ g "^l^^iZ x R«). To prove the 
lemma for A{z) G '^^^{Z x R'), m > 00, we shall first assume that D = Dq. 
Clearly, Dq G *inv(^ x K''). If A{z) = a{z,x,Dx,Dt), for a symbol a(z, •,-,•) G 
S^(T*Z X R«) = S'™(R'' X R'* X R?), then 

A{z,T)^a{z,x,D,„T) and Do{t)-' ^ (1 + Ao + \t\^)-'/^ . 

This gives, by the standard calculus, that A{z,t)Do{t)^^- — ai{z,x,Dx,T) for 

(29) ai{z,x,tT) = a{z,x,^,r){l + \t\' + l^r'^'- 

From the above relation, we obtain 

fzir) :- Tr{D{T)-^A{T)) - Tr{A{T)D{T)-^) 

= {2n)-'^ f a(z,a;,C,T)(l + |rp + |^|2)-^/2rf^dx, for r > 1. 

Jt'Z 
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Using the asymptotic expansion of a in homogeneous functions in (^, r) and the 
substitution ^ — ^ (1 + |Tp)^/^^, and the asymptotic expansion of (1 + Irp)^/^ in 
powers of |r| at oo, we obtain (i) and (ii) for this particular choice of _D = D^. 

We obtain (iii) directly from (ii) using Lemma |5|. 

The case D arbitrary follows by writing Z3~^ = Dq^ (^DqD'^) and observing 
that C 3 z -> D^D-^ e *P„v(^ X W) is an entire function. D 

See also |l[. 

We shall also need the following consequence of Proposition |l| above. 

Corollary 2. Using the notation of the above proposition, we have that the func- 
tion 



F{s):= f (pv-f l'od',[x''-^f4xT)]dx 



dT 

is holomorphic on {z £ C, Re(z — m) > q + d} U C \ {m + Z), with at most 
simple poles at m + Z, and extends the function L, fz{T)dT, which is defined for 
Re{z — m) > q + d. 

Proof. Assume / = 0. The proof for arbitrary / is completely similar. The function 
pv-^„ x"^^^ fz(xT)dx is a holomorphic extension of the function L x''^^ fz{xT)dx, 
which is convergent for Re(z) large. The result is obtained then by integration in 
polar coordinates and by combining Lemma ra with (ii) of the above proposition. D 

Assume for the moment that q — 1 (and hence that Y — Z x M.). Using the 
above lemma and the functionals pv-^ and /, we obtain, as in Eq], a functional 
lYi on "S^^iZ X M)[|t|], by the formula 

(30) ^i(|rP A) =pv-y' /'=(/+ + /_), 

where /+(r) = Tr[d';{\T\^ A{t))], /_(t) = Tr\d';{\T\^ A{--t))], if r < 0, and 
k e Z+ , k > m + dim Z + 1. From equation (Eq) , we see that this definition is 
independent on k. The tracial property of Tri follows, as in pq ], from 

dr[A{T),B{r)] = [drA{r),Bir)] + [i(r), a.B(r)]. 

Let now q be arbitrary, but we continue to assume that B is reduced to a point. 
The following lemma will allow us to generalize the definition of Tri. 

Lemma 6. Restriction of the indicial family A to R.t, x G E''^^, defines an 0{q)- 
equivariant family of algebra morphism r^ '■ ^j^^(Z x Mfl) — > ^^^^(Z x R). Each 
rx restricts to a degree preserving isomorphism ^'?^^{Z x R'')'^'-'') ~ ^'?^^{Z x M)^^, 
which is independent of x. 

Proof. It is clear that the restriction of A to a line Ma; is in 4S(Rx, ^^°°(Z)), 
whenever A is in '^]^^{Z x R''). Moreover, we obtain isomorphisms 

*i;^(Z X M«)0(9) ~ 5(R'?,*-°°(Z))°(«) ~ S{%-^-°"{Z)f^ ~ '^V.^iZ X M)^^ 

These isomorphisms allow us to assume, using a partition of unity argument, that 
Z = R'. Using the fact that a symbol a e S"\T*Z x R"?) restricts to a symbol in 
S"'{T*Z X Ma;), a; G §P"\ and the relation 

A{t) = a{x,Dx,T), 
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HA = a{x, Dx, Dr), we see that the restriction of A to M.x is the indicial family of 
an operator in $JJ'y(Z x M), denoted rx{A). Since 

S""(r*Z X M'?)0('?) ~ S"^{T*Z X R)^% 

the isomorphism *?^^(Z x M9)0(9) ~ *j^^(Z x M)^^ follows. D 

Let A e *,^v(^ X I^') a-iid denote by Ai = /^^j. , w(A)dw its average over 0{q) 
with respect to its normahzed Haar measure, which we identify with an element of 
^?^^(Z X M.)^\ thanks to Lemma |. Define 

(31) ^,(A) = vo1(5«-1)^i(|t|«-i^i). 

Lemma 7. The functional Tr, is an 0{q) -invariant trace on ^"^^{Z x W^), which 
extends the trace Tr defined on ^[^^(■^ ^ ]^*); R.e(s) > d + g (d = drniZ), by 
Equation (l9h. 

Proof. The map Tr^ is obviously well defined and 0((7)-invariant, in view of the 
above lemma. In order to check the tracial property, we use the definition. Fix 
cc G R*^ of length one, arbitrarily, then 



Tr,(A) = vol(5'-i) / Tri(|rr-V„,(A))di> 

JO{q) 

Since rx is a morphism, \t\ is central, and Tri is a trace p8| , the tracial property 
of Tiq follows. 

To complete the proof, we need only prove that Tr^ extends Tr, and this follows 
by integration in polar coordinates. D 

It is not essential in the above statements that A have integral order. Both the 
formula for r^iA) and the definition of Tr q{A) make sense for A G ^?jy(y), with s 
not necessarily integral. We shall use this for operators of the form D^^A in the 
next proposition. Actually, more is true of the Tr^-traces of elements of non- integral 
order than for elements of integral order: let s ^ Z, then the action of G'iq(R) by 
automorphisms on '^f^^{Z x M') has the property 

(32) ^^(^(A)) = I det{T)r^T^g{A). 

This follows by using one of the several equivalent definitions of Tr^ (A) , for A 
of non-integral order, provided in the following Lemma. 

Lemma 8. Let A e *fnv(^ ^ W), s ^ Z. Then the functions Tr{D{T)-'A{T)), 
and J„g Tr{D{T)^^ A{T))dT are holomorphic for Re(z ~ s) > d + q and extend to 
holomorphic functions on C \ (Z + s). At Zq ^ s + Z, these holomorphic extensions 
satisfy 

T^q{D-^°A) = ( f Tr{D{T)-^A{T))dr) |,..„o 
\Jri / 

[x''-^Tr{D{xT)-''A{xT))] \,=,„dxj dr. 



pv- 



Proof. The function Trq{D~'^A) is defined for all z, and it is seen to be holomorphic 
on C \ (Z + s) using the definition of Tr^ and Corollary g, which also gives the 
existence of the desired holomorphic extensions. 
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Finally, using again Corollary g and Lemma 0, we see that TTq{D^^A) and all 
the other functions in the stated equation coincide for Yle{z — s) > d + q. Because 
they are holomorphic on a connected open set containing both zq £ C \ (s + Z) 
and Re(0 — s) > d + q [d = dimZ), they must coincide at zq also. D 

Proposition 2. For any invertible, positive element D g ^inv(-^ ^ ^'') ^'^'^ '^"■2/ 
holomorphic function A : C —^ '^1^^{Z x W^), the function 

Fd{A;z) = l7g(D"M(z)), Re(z) > m + q + dimZ, 

is holomorphic on (C \ Z) U {Re z > m + q + dim Z} with at most simple poles at 
the integers. The residue of this holomorphic function at depends only on A{0) 
and will be denoted by Tt^{A(0)). Moreover, Tt^{A(0)) vanishes on regularizing 
elements, is independent of D, and defines a trace on '^'^^{Z x W^). 

Proof. The function Fjj is holomorphic on the indicated domain by ra. Its poles 
are simple by Corollary and by the definition of Tr^ in terms of Tri, see Equation 

®- 

For the rest of the proof, it is enough to assume that A(z) is independent of 

z. We set then A = A{z) ~ A{Q). For example, the proof of the fact that Trpi is 
a trace and that it is independent of the choice of D is obtained from a standard 
reasoning, as follows. We first write 

T^giD-'^iA, B]) = Tl'g{D-'-[D-'' , D"" A]B) 

and observe that [D^^, D^A]B is a holomorphic function vanishing at 0. This shows 
that Trq vanishes on commutators. The independence of Trg on D is a consequence 
of 

T^q{D-'A) -T^giD^'A) ^T^q{D-'{Id-D'DY')A), 
using that (Id —D'^Dj^^)A is a holomorphic function vanishing at 0. D 

Proposition 3. Let D e ^?jjy(Z xW),D>0, invertible as above, and let A G 
^'^yiZ X M«). We denote B^ = D^M G *™7'^(^ x ^'^)' a"*^ "'^'^e ^^e asymptotic 
expansion 

(33) Tr{B,{r))^ ^ /3,(z, r/|r|)|T|'=-^ |r| ^ oo, 

k<rn-\-d 

defined for Rc(z) large or for z not an integer. Then the coefficient f3-i is holo- 
morphic in a neighborhood ofO, TrufA) — J, ,. /3_i(0, r), and 

lim{T^qiD-'A) - z-'TMA)) ^T^q{A) + f 9,/?_i(z, r)|,=o. 

^^" J\t\ = 1 

Proof By the definition of Tr^ using integration with respect to the orthogonal 
group, it is enough to prove the result for g = 1. By definition, Tri(v4) is completely 
determined by Tr{d^A{x)). This reduces our analysis to a lemma about integrals 
of functions in A^^. 

Fix e > 0, and define C^ to be the space of functions f{s,x), —e < Re(s) < e, 
a; > 0, with the following properties: 

1. f{s,x) is smooth in {s,x) and holomorphic in s, for each fixed x; 
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2. For any Af G N there exist R > 0, Cfe £ C, and complex valued functions 
Q!fe(s), 5fe(s), and hM{s,x) satisfying 

-1 N 

f{Q,x)^hM{Q,x)+ Y, afe(0)2;'=+^(afe(0) + 5fe(0) + cfcloga:)a;^ 

k=~M fc=0 

/or X > R, and 

N N 

f{s,x)^hM{s,x)x-' + Y^ ak{s)x''-'' + J2{bkis) + CkS-\l-x-'))x'', 

k=~M k=0 

for s ^ 0, X > R, and — e < Re(s) < e. 

3. ak{s), bk{s) are holomorphic in s, huis^x) is holomorphic in s, for each fixed 
X, andhM{s, •) G 5~''^~^([0, oo)), for each fixed s in the strip — e < Re(s) < e. 

Of course, the choice of i? > is not important in the above definition. 

A simple but crucial observation is that /(/) G Ce if / S C^. Moreover, for any 
f € Ce, with the coefficients of its canonical asymptotic expansion denoted a^, bk, 
and Cfc, as in the above definition, we have 

lim pv— / f{s,x)dx ~ a-i{s)s'' R^"^ — pv— / /(0,a;)dx + a_i(0) logi?, 
«-^" J J 

which gives 

/>00 /"OO 

(34) lim ( pv-/ f{s,x)dx-a-i{0)s-^) = pv- f{0,x)dx + a'_j^{0). 

*^" Jo Jo 

The main idea is to prove that the familiar function 

fiis.x) ■.^Tr[idUD-^ix)A{x) + D-^{-x)A{-x))] 
is in Ce, for I large. Then I^{fi) G Cc- This is, of course, a refinement of Proposition 

0- 

Now, by definition, Tri(_D "A) — pv-^^ l''{fi){s,x)dx, for any I > m + d+ 1. 

For any such I, fi{s,x) is holomorphic in s, for Re(s) > —1, and hence /; G 
Ce (and Ck — 0, but this will play no role in our reasoning), by Proposition nl 
Consequently, P{fi){s,x) G C^. Let ak be the corresponding coefficients in the 
canonical asymptotic expansion of l''{fi)- 

We know, by classical results, that the functions P{fi){s,x) and fo{s,x) have 
holomorphic extensions in s ^ Z. Moreover, for s ^ Z, the difference /'(//)(s, x) — 
fo{s,x) is a polynomial in x, which shows that the coefficients of x~^ in the as- 
ymptotic expansions of these two functions are the same. Consequently, /3_i(s) = 
a_i(s), for s ^ 0. But by the definition of C^, a_i is holomorphic in a neighbor- 
hood of 0, and hence (3^i has a holomorphic extension to a neighborhood of 0, as 
claimed. 

Finally, using Tti{D^''A) = pv^p /'(/;)(s, x)dx, for z in a small neighborhood 
of 0, and Equation (pi), for / = I^{fi), we obtain 

/•OO 

lim Cn-iiD-'A) - P_i{Q)s-^) = lim ( pv-/ l\fi){s,x)dx - a-i{0)s-^) 



= pv-/ r{fi)iO,x)dx + a'_,{0) = Tn{A)+/3'_M- 
Jo 

This completes the proof. D 
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We now drop the assumption that B be reduced to a point. To extend the above 
results to the general case, we proceed to a large extent as we did when B was 
reduced to a point. 

Fix an invertible positive operator D e '^\^^{Y), and let C 9 z ^ A{z) £ '^"1^{Y) 
be an entire function. Then 

(35) /,(r)-rr(l)(r)-^|r|'=i(r)), fc G Z+, 

is defined and holomorphic for any Re(z) > m + d = m + dim Z and any fixed 
T g CJ*; moreover, the function z — > /^(r) has a meromorphic extension to C, for 
each fixed r, with at most simple poles at integers. 
Let 17 = (C \ Z) U {z, Re(z) > to + dim Z}. 

Lemma 9. Let A{z) G ^^[^^^(y) be an entire function. Also, let fzij) be as above, 
with z & n and t E Q* . 

(i) The function fz{T) is in C°°(f2 x Q*) and the map z — > fz{T) is holomorphic 
on fl, for each fixed t € G* ■ 

(a) There is g e C°°(17 x G*) such that g{z,-) e S"'+'^{g*), for each fixed z, 
such that g{z,T) is holomorphic in z, for each fixed t, and such that fz{T) = 
g{z,T)\T\'^~^ , for all r > 1. Consequently, fz{xT) £ M.m+d+k-z, for all t ^ 
(d — dim Y — dim Q ). 

(Hi) The function z -^ pv-^ fz is holomorphic on C \ TL, with at most simple 
poles at integers. 

Proof. Since all the statements of the above theorem are statements about the 
local behavior in 6 G B of certain functions, we may assume that F is a fiat Q- 
space. This means, we recall, that Y = B x Z xR"^ and Q = B xW. Then we just 
repeat the proof of Proposition |l| including an extra parameter b G B, with respect 
to which all functions involved are smooth. D 

We now extend the definition of the various traces and functionals we considered 
above when B was reduced to a point. This is not completely canonical, because 
we need to fix a metric on Q* in order to obtain a volume form on the fibers of 
Q* ^ B. The choice of the metric defines the group 0{G) of fiberwise orthogonal 
isomorphisms of Q. We also fix a lifting Y/G —> Y , which gives an isomorphism 

Y-Y/gxBG. 

This isomorphism and the metric on Q give an action of 0(5) on Y, which normal- 
izes the structural action of Q by translations on Y. Consequently, the group 0{Q) 
acts by isomorphisms on the algebra tp^^{Y). By Lemma |l|, the group 0{Q) also 
acts by isomorphisms on 'i>^^{Y). 

Lemma 10. Fix a metric on Q and choose a lifting Y jQ -^ Y , which gives rise 
then to an isomorphism Y 2± Y/Q Xg Q and an action by automorphisms of the 
group 0{G) on '^'?^^{Y), as above. Then there exists an 0{Q)-linear map 

such that Ey{AB) = AEy{B) and Ey{BA) = Ey{B)A, for all A G *^^(r)°(^) 
and B G "^"^^Y). Moreover, *^^(r)0(5) ~ ^.^vWS x R)^/™, and hence the 
isomorphism class of the algebra '^'^^{Y)'-'^-^' depends only on Y/Q. 



INDEX FOR FAMILIES 29 

Proof. If y is a flat Q space, then this resuh foUows right away from Lemma pi 
In general, we can choose trivializations of Y such that the transition functions 
preserve the metric on Q, and hence the transition functions are in 0{Q). Because 
the isomorphisms of Lemma O commute with the action of the orthogonal group, 
the result follows. D 

We now consider C°°(B)-hnear traces on $J^^(F), for a general Q space Y. That 
is, we consider C°°(B)-linear maps T : *[^v(^) "* C°°(B) such that 

T{fA) = fT{A), for / G C°^{B) and A e 'iTnAY), 

and 

Ti[A,B]) = 0, iorA,Be^^,,iY). _ 

If we fix a metric on Q, then we obtain a C°°(i3)-linear trace Try that generalizes 
the lYq-traces as follows. Suppose Y = B x Z xW and A = {Ab) e *[^v(^)' then 
we set 

(36) T^Y{A){b) ^T^,{Ab). 

Because trace Try, for F = B x Z x M'', is invariant with respect to the action of 
the orthogonal group, the choice of an isomorphism Y = Y/Q XbG oi ^/-spaces and 
of a metric on G allow us to extend the definition of Try to arbitrary Y. We stress 
that this trace depends on the choices we have made. This new trace satisfies 

(37) T^viA) =T^Y/gMEY{A)). 

We then have the following immediate generalization of Proposition above: 

Proposition 4. Fix a lifting Y/Q — > Y , which is uded to define Try( ■), as above. 
For any self-adjoint, invertible, positive element D £ ^1^^^{Y) and any holomorphic 
function A : C — > '^^^.^(Y), the function 

Fd{A;z) = T^y{D-'A{z)) 

is holomorphic m(C\Z)U{Rez> ?7i + g + dimy — dim^} and has at most simple 
poles at the integers. The residue of this holomorphic function depends only on A{0) 
and will be denoted by Ti^y {A(0)) . Moreover, TrRy(A(0)) vanishes on regularizing 
elements, is independent of D, and defines a C°°{B)-linear trace on '^™^^{Z x M"?). 
This trace is independent of the choice of the isomorphism Y ~ Y/Q Xg Q. 

Proof. Everything in this proposition follows from the case when B is reduced to 
a point, except the independence of isomorphism Y ~ Y/Q Xb Q. For this we also 
use Equation (p^. D 

We also note that Proposition y| extends virtually without change to families 
(that is, to the case B-nontrivial) . 

The traces Tr^ and Try extend to matrix algebras by taking the sum of the 
traces of the entries on the main diagonal. 

5. Local index formulae 

We now return to the the study of the index of a family of invariant, elliptic 
operators. More precisely, we want local formulae for Ch{inda{A)) when the fibers 
Qb oi Q —f B are simply-connected abelian Lie groups, that is, when Q is a vector 
bundle. To this end, we shall use regularized traces and their properties developed 
in the previous section. 
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If A is a family of Dirac operators and Q is trivial, local formulae for Ch{mda{A)) 
were obtained using heat kernels by Bismut in a remarkable paper, H. Our results 
are a step towards a similar result for arbitrary families of pseudodifferential oper- 
ators invariant with respect to a bundle of Lie groups. The choice of the case when 
5 is a vector bundle may seem, at first sight, to be a long way from the general 
case. It is clear however that each type of Lie group bundle will have its specific fea- 
tures and hence have to be treated separately. From the point of view of i^-theory, 
vector bundles and bundles of simply-connected solvable Lie groups behave quite 
similarly. Moreover, by homotopy, the general case of simply-connected solvable 
Lie groups can be reduced to the particular case of a vector bundle, as we have 
shown in Section 0. 

No immediate generalizations of the results of this section to other classes of 
Lie group bundles seem possible. The case when the fibers of ^ — > i? are not 
simply-connected solvable has a quite different flavor, and even the case where B 
is reduced to a point and G has compact fibers is not well enough understood from 
the local perspective adopted in this section. The case when Q ^ B has simply- 
connected, non-commutative solvable fibers might seem more manageable at first 
sight, however, then we have some very difficult issues related to the choice of 
algebras closed under holomorphic functional calculus, not to mention that these 
groups may be not type I, so that the Fourier transform approach has no meaning. 

This should fully justify the choice of treating the case of vector bundles in such 
a great detail. 

Fix now a group morphism x '■ H^{q*) -^ C. We want to obtain local formulae 
for x{Ch{inda{A))). For simplicity, we shall that B and Y/Q are compact. Since 
the general case requires some additional ideas, we shall assume first that F is a 
flat C/-space, that is, that g = BxWa.TLdY = BxZxW. 

Our approach is based on an interpretation of x{Ch(inAa{A))) using the Fedosov 
(or •) product. We begin by recalling the deflnition of the Fedosov product and by 
making some general remarks on traces and their pairing with the X-theory of the 
algebras we consider. 

Let 2t = ©^o^fc' -^ < oo be a graded algebra endowed with a graded derivation 
d : 21a; — > 2lfc+i, the Fedosov product is defined by 

a-kb = ab+{-lf'''^''{da){db). 

(The name is due to Cuntz and Quillcn who have thoroughly studied the Fedosov 
product in connection to their approach to Non-commutative de Rham cohomology, 
see ]1^.) We shall denote by QSt the algebra 2t with the Fedosov (or •) product 
and by QeuSl C QSl the subalgebra of even elements. 

Since we shall work with non-unital algebras also, it is sometimes necessary 
to adjoin a unit "1" to Q21. The resulting algebra will be simply denoted by 
Q+21 2± Q21 © C. Similarly, g+ 21 := Oe«2l ffi C. 

A graded trace t on Q+Sl restricts to an ordinary trace on Q^2t, and hence it 
gives rise to a morphism 



T, : <nQ^.2l) ^ C, r4e]=^r(. 



1] >^ 



for any idempotent e = [e^] G Affc(Q+ 21). If tt, : K^^^{Q%) -^ ifo'^(2lo) is the 
natural morphism induced by it : (5^„2t ^ 2lo © C, then 7r» is an isomorphism, by 
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standard algebra results. Consequently, the trace r also gives rise to a morphism 

(38) ? := r* o t,-^ : Kl^^{%o © C) — > C, 

see |4[|8|. 

The explicit form of the morphism t is not difficult to determine. Let e G 2lo ©C 
be an idempotent, then 

(39) e-=^ + f:(-l)'^§l(e"^ + rfede)(de)- 

A;>0 ^ '' 

is an idempotent in QtJ^ lifting e. (Note that the sum defining e is actually finite.) 
Assume the trace r is concentrated on 2t2fe, fc e N and T{(M.2k-i) — 0. Then the 
explicit formula for T{[e]) is 

(40) r{[e]) = {^lf''^r{{ededef). 

(We used e{deY = {edede)^, vahd for all e satisfying e^ — e.) 

Traces on Q+21 are easy to obtain. Indeed, if r is an even graded trace on 21 
satisfying T(2lfe) = 0, if fc 7^ p, and T(d2l) = 0, then 

T{ai.b- i-iy^bira) =0, 

for any a e 21^ and 6 S 2tj , and hence r defines a graded trace on (52t. The trace r 
defined above then extends to a trace on Q^f^Sl by setting t(1) = 0. 

We now define the algebras to which we shall apply the above considerations, if 
y = B X Z X M"? is a flat ^ space [Q ^ B x M«). Let Vl*[B) be the space of smooth 
forms on B, and consider the differential graded algebra 

21 := vi/- (y;C^) ^^^(5) n*{B)®K*W ~ Mn{^^JY)) (g>c^^B) n* (B) <E) A*R'' 
~ M7v(^°°(y)) © r2*(S) © A*M« for F a flat ^ - space. 

Let dB the the de Rham differential in the B variables (here we use the assumption 
that y is a flat Q-space) . The differential of 2t is then the usual de Rham differential 



dDR{A) = y\U,A]dn + deiA), and d{AO - d{A)^, 



iiAe ^??,(r;C^)©c»(s)r!*(S) ~ Mjv(^l^v(>'))®c»(B)f^*(S) and ^ is a product 
of some of the "constant" forms dri, . . . ,dTq. Thus the differential doR is with 
respect to the B xW^ variables. 

Let Tr*A*T*B be the pull back to Y of the exterior algebra of the cotangent 
bundle of S and F = tt*A*T*B © A*R«. Then 

2l~^°^,(y;F©C^). 

Inside 21 we have the ideal of regularizing operators 

3 := *r-(y; C^) ©coo(B) n*{B) © A*M' ~ ^-^ (^; F ® C^), 

with quotient algebra 

s := 21/ J = AfAr(*- (y)/vi'r-(y)) ©c»(B) n*iB) © a*m' 

c. *[^,(y; F © C~)/vI/r-(y; F © C^). 
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We consequently obtain the exact sequence of algebras 

(41) ^ ge„3 ^ Qev^ -^ Qev'S ^ 0, 

which gives rise to the boundary map dg, 

dq : Kf^iQev'B) ^ <«(ge„J) = <^(Qi3o), 

on algebraic ii'-theory. 

We now define the traces we shall consider on the algebras 2t, *8, . . . , Q'3. Let 
io : n'^{B) — > C be a closed current, that is, a continuous map such that (jj{drf) — 
for any form rj. Then uj defines a morphism Xuj '■ H*{q*) — > C. Similarly, let 

and define 

(42) r^(A c «> e) = "SMMO f C- 

Then t^^ is a trace on 21 satisfying rc^(d(a)) = if a G 3. 

If e = (eo. A) e MAr(*r^(r) +C) = Mw(*i7^^(r)) ©M^(C) is an idempotent, 
then e defines a class a;e G K^{2*) = K'^{BxM.'^). It is useful to review the definition 
of this class. First, we can replace e = (eo. A) by an equivalent projection such that 
there exists another projection p = (po,A) satisfying dp = and pe — ep = p. 
More precisely, the projection p is such that its indicial family, p := pq + A consists 
of a smooth family of projections on Q* , acting on the fibers oi Q* Y-bY -^ G*, 
with values in MN{'i^°°(Yl) + C), and constant along the fibers of Q* -^ B. This 
projection p has the property that pUg <^ ^o- Then we define the vector bundle V^ 
on g* such that its fiber at r is the range of the indicial operator e(r) — p. Finally, 
the class x^ defined by e, which we are looking for, is [14] — r[l], where r is the rank 

ofK. 

It is interesting to compare the Chern character of the bundle Ve to the pair- 
ing TL;[e]. First, the vector bundle Ve is trivial at infinity. The curvature of the 
Grasmannian connection V^ = eo d is R'^ := {e o d)^ = edede, by a standard com- 
putation. If fc -f- g = 2p > is even, then f^^ is an even, graded trace, and hence it 
pairs with [e]. Using the explicit formula from Equation (|40[), we obtain that 

(43) T.N = ^x4(-^')7p!) 

recovers (up to a constant) the pairing of Ch{Ve), the Chern character of Ve, with 
the cohomology class of Xw In the notation introduced above, we have 

p\ p\ 

See 0. It also follows that aU morphisms K^\-^rnT{Y)) ~ i^o(^,^r(^)) ^ ^ 
are of the form f^^, for a suitable lj. (Recall that f^^ is defined by Equations ( |38| ) 
and (|^.) 

Recall now that we defined the analytic index inda to be the composite map 

ind, : Kf^i^o) -^ <'(3o) - K%2*), 

where Jq = -^Af(^hi^(^)) and d is the boundary map in algebraic i^-theory as- 
sociated to the exact sequence ^ 2fo ^ 2to ^ 5Bo ^ 0. Moreover, for the case 
we are currently discussing, that where F is a flat ^-space, g* = B x R'' . Let 



(44) Ue] = ^xUChiVe)) = ^xUCHxe)) 



INDEX FOR FAMILIES 33 

X '■ H*{g*) -^ C be an arbitrary group morphism. As we explained at the begin- 
ning of the section, we are interested in understanding the morphism 

XoCho ind, : Kf^^f^^iY; C'')/^r^^{Y; C^)) = Kf^^o) ^ C. 

By the above discussion and hnearity, we may assume that X ~ Xc^: for some 
closed current ui : 0'^(i3) — > C. Then a preliminary formula for the composition 
Xu! o Ch o inda is given in the following lemma. 

Lemma 11. Let ui : il,''{B) -^ C be a closed current such that k + q = 2p > is 
even. Denote by x^ • H*{q*) — > C the morphism defined by lu. Then 

Xu oCho inda = t^ ° d : Kf^{'So) -^ C. 

Proof. This follows by applying the above constructions to inda (A), A elliptic, 
using Equation (|4|). D 

We now turn to the computation of f^j o 9 : K^ ^(23o) -^ C We shall use the 
generic notation n for all the quotient morphisms QSl -^ 2lo and QS — > *Bo, and 
Q3 — > Jq. Also, we shall denote by 

[A, B]^ = A*B- {-ly^B • A, 

for v4 G 2li, S e 2lj, the graded commutator in Q21 with respect to the •-product. 
(Although in most cases i and j are even, as it is the case in the lemma below.) 

Lemma 12. Let u G Q3o be an invertible element with inverse v. Choose liftings 
A and B of u and, respectively, v. Also, let B' :~ ^'kLoi~^)''^i'^AdB)^ and let r 
be a closed graded trace on 3 satisfying t([21, 3]) — 0. Then 

Tod[u]^T{[A,B'l). 
Proof. The map 

is onto because if w G «Bo = '^?^jY]C^)/'i'r^^{Y]C^) is invertible in <Bo with 
inverse w, then its image u' in QS is also invertible with inverse 

oo 

v' ■.= J2i-'^)''vidudv)\ 

fe=0 

(The sum is actually finite for our algebras.) The relations 

u' -kv' — 1 — v' iru' 

are easily checked. From the naturality of the boundary map in algebraic iiT-theory, 
we obtain that 

and hence 

(45) f o d[u] ^ n o dgiu']. 

This simple relation will play an important role in what follows because it reduces 
the computation of f o 9 to the computation of r* o dg. 

Lift u G Af7v(*Bo) to an element A G Mn{^o) = MAr(^j^.^(y)) and its inverse 
V to an element B G MN{'^f^^{Y)), as in the statement of the lemma. This gives 



34 VICTOR NISTOR 

for v' (the inverse of the image u' of u in QS with respect to the * product) the 
exphcit lift 

oo 

B' := Y,{-lfB{dAdB)''. 

We now proceed by direct computation (as in pq |, for example), using the explicit 
formula 9q([w']) — [ei] — [eo] with eo = 1 © and 



2A-kB' -{A-kB'f ^*(2~B'*v4)*(l-S*A) 
{1-B'*A)*B' (1-B'*A)2 



(46) ei = 
(all products and powers are with respect to the •-product). Then, 

T*odQ{[u']) =T([ei] - [eo]) = 

t{2A i.B' -{A* B'f + (1 - S' * Af - 1) = t((1 - B' i. Af - {\ - Ai. B'f). 

Then we notice that t{[A, B' - B' *Ai^ B'],) = 0, because B' ~ B' i< A* B' e 3. 
This relation and its analogue obtained by switching A with B' then give that 
T* o dgdu']) = t{A -k B' — B' -k A), and the lemma follows. D 

Let D e 'i'l^^{Y) be the operator used to define Tr, and Tr^ in the previous 
section. Also, let l : A'^M.'' — > C be the isomorphism given by contraction with the 
(dual) of the top form on W . This gives rise to maps 

(47) ^y®t,TrRy®t:g*[^,(y)-.f7*(B), 

which vanish on forms of degree less than q in dri, . . . , dTq. Because Try and Tr^y 
are C°°(i3)-linear graded traces on Stg, Try (g) l, Tr^y (8)t are r2*(_B)-linear (graded) 
traces. If w : n*{B) ^ C is a closed current, we denote 

(48) p^{A)^{uj,TtryMA))- 

and note that p^j is a closed graded trace. Also, note that t^{A) = (a;,Try ^ 
i-{A)), which we shall use to extend t„ to operators of non- integral orders, still 
preserving the tracial property. Moreover, Ti^{dA) = 0, if A has non-integer order. 
Consequently, Tuj{[A, B]i,) = if ordA -I- ordS is not an integer. This is seen 
by noticing that Ti^{d{D^^-A) = for Re(z) large first, and then for z such that 
zordD + ord j4 not an integer, by analytic continuation. 
We then have 

Lemma 13. If A{z) G Q21 is holomorphic in a neighborhood o/ £ C \ Z*, then 
the function t^{D^^ -k A{z)) holomorphic and at it has a simple pole with residue 

Proof. We have that 

Z?-^ * A{z) = D-^A{z) + dD-'-dA{z). 
Now we observe that 

limz^^dZ?"^ == Van z^^^[tj,D^'-]dTj = - ^ [t^ , log D] dr^ = -dlogD 

Consequently, Z?~^ -k A{z) = D~^B{z) for some holomorphic function B such that 
Bio) = A{0). The result then is an immediate consequence of Proposition ^. D 
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Let d : Kl^^^o) = KfH^?^^{Y)/^r^'^{Y))) - <^(vl/r-(r)) ^ <«Po) 
be the boundary map in algebraic iiT-theory, as above. Recall that the map fi^ : 
K^ ®(Uo) ^ C is given by the Equations (Bq) and (Es) and that pi^ is given by the 
Equation {^. 

We continue to assume that Y — BxZxRi is a. flat Q = B x R'-space, that 
g > 0, and that B and Z are compact. 

Theorem 6. Letu G MAr(\E'^^(y)/^r^(y)) be an invertible element, and choose 
A,B e MN{'^°^^iY)) such that A maps to u and B maps to u'^. Ifoj : fi'=(S) -> C 
is a closed current such the k + q = 2p > is even, then 

T^od[u] =. -2{-l)PTj{dAdB)P) = 2i-l)PT^{idBdA)P) 

= -Pu,{u-^ [log D,u\{u-~^du)'^P) - p^{u-'^[d\ogD,du]{u-^dufP-^). 
Proof. We shall denote 

a = MNi^^^y) ^c-is) ^*{B) <E> A*M.'>), 
as before. Moreover, *B and 3 will have the meaning they had before. 

We shall use Lemma |l^. Let B' = J2'k=oi~^)''Bi'^^^B)'^ ^'^ ^^ ^"^ ^^^t lemma 
and evaluate the commutator [A, S']* (with respect to the * product). We obtain 



[A,B%=J2i-'^y'^B{dAdBy -J2i-^yB{dAdByA 



1=0 1=0 



+ ^(~l)'(dAdB)'+i - ^(-l)'(dBdA)'+\ 

(=0 (=0 

the sums being of course finite. 

We next observe that T^{AB{dAdBy) = T^{B{dAdBy A) and T^ddAdBY) = 
—Tuj{{dBdAy) because t^j is a graded trace on 21 (with the usual product). Using 
this we obtain from Lemma |l^ that 

(49) fuod[u] =T^{Ai.B' -B'i.A) = 2{-l)P-W^{{dAdB)P). 

This proves the first part of our formula. 

We now prove the second part of our formula. The commutator [A, B']-k ~ 
A -k B' — B' -k A maps to u-kv — v-ku = in Q!B, and hence [A, B']^, is in Q3. 
Consequently, 

tU[A,B'1) = lim T^{D-'k [A, B%). 

z^O 

Next we observe that iimz-to z^^dD^^ = — dlogD and hence dlogD (defined in 
the canonical representation) is actually in '^^J^iY), in spite of the fact that log I? 
is not in the algebra '^?^^(Y). Moreover, z~^dD~^ is holomorphic at 0. 

Using that Tij([A, D~^_B']^,) = for all z such that —z + ord^ + ordS is not an 
integer, we finally obtain 

T^{\A,B%) - YixnT^{D-'k[A,B%) 

z^O 

= lim T^{[D-\ A]^ k B') ^ limzr^(L>"^*F(z)), 

z^O z-^0 

where F{z) = z~^[D^^,D^ * ^]* k B' . Since i^ is a holomorphic function in a 
neighborhood of with 

F{0) = -[logD,AlB' ~ d[logD,A],dB' , 
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it further follows from Lemma O that 

lim ztJD-'-*F{z))=p^{F{0)) ^ -J^p^iu- ^ [log D,u],{u-^du)^'') , 

k 

because p^j is a closed graded trace. 

Putting toghether the above formulae, we obtain the desired result. D 

The method we used in the previous theorem works even when Y is not a flat Q 
bundle, with only minor changes. Actually, using a trick of Connes, we can formally 
treat the general case to a large extent as if it was a flat bundle. For example, the 
definition of 21, J, and *8 extend to this case without change. However, w and the 
differential d cannot be defined as before to enjoy all the previous properties. Here 
is what changes. First, we need to take care of the fact that g may not be orientable. 
This is easy dealt with by considering linear functionals on forms twisted with the 
orientation sheaf instead currents (which are linear functional on ordinary forms). 
We say then that the current to must be twisted with the orientation sheaf of g. 
Note that it still makes sense to talk about a closed twisted current, because the de 
Rham differential extends to the space fi-' ® O of forms twisted with the orientation 
sheaf: 

d-.n^ (g)0^ n^+^ (g) o, 

and d^ = 0. Once we understand the nature of uj, the definitions of t^^ and p^^ carry 
through without any change. 

The problem is to define the differential structure on 21 in the non-flat case. 
Choose a trivializing covering of B and a partition of unity 0^, subordinated to 
that covering. Using the construction from the flat case, on each of the trivializing 
open sets C/q of the covering we have an operator da '■ ^\uo, ~^ ^\uo, (which satisfies 
d^ = 0, but this is irrelevant to us). Let V := J24'ada4'a- Then V : 21 ^ 21 is a 
degree one derivation and V^(A) — [6, A], for some 9 £ 21. Moreover, T^{V{a)) = 
if a G 3, P(^(V(a)) = if a G J, and both t^ and p^ are traces on 21. 

The fact that V^ is not zero in general means that we cannot use it to define the 
Fedosov product using V. This is not a big issue, however, because we can proceed 
as in (l4| (see also fS^). The idea, due to Connes, is to enlarge the algebra 21 and 
to perturb V such that it becomes a differential. We now review this construction 
following |35[ . 

We first introduce a formal variable X such that 

aXb = and (aX) (Xb) = aQb if a, 6 e 21 

(we never consider X alone, only in formulae like aX, Xb, or XaX). Define 21 = 
21 + X2l + 21X + X^X, with the induced grading such that_degX = 1. We define 
then da ~ V(a) + Xa + {—l)'^'^^"'aX. We can then extend d to a derivation of 21 
such that d{X) — and we can also extend t„ to a graded trace, call it t^^, on 21. 
The explicit formula for this trace is 

r^(aoo + aoiX + Xaio + XanX) = T^{aoo) - (-l)'^°^°"T„(eaii). 

The preceeding theorem will then extend to this new setting where 21 replaces 21, 
d replaces d, and r^^ replaces t^. The place of p^ will be taken by Jj^, defined by a 
formula similar for that for t^^ above: 

pjaao + aQiX + Xaw + XanX) = p^(aoo) - (-l)'^°«''"Pa.(eaii). 

This shows that J)^, unlike t^^, is a closed graded trace {t^ is not closed). 
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Note, in the following theorem, that the meaning of f^^ does not change in the 
case of non-flat bundles. 

Theorem 7. Let u e MNi'^^^{Y)/'^r^(Y)) and A, B e M7v(^?^^(F)) be as in 
Theorem^ Also, let uj : f2'^(i?) — > C is a closed twisted current (i.e., with values 
in the orientation sheaf of q) such the k + q = 2p is even. If d, IJ^, and Tuj are as 
above, then 

T^od[u] = -2{-l)PTjidAdB)P) = 2i~l)PTU{dBdA)P) 

= -Tu>{u'^[^ogD,u]{u-^dufP)~p^{u~^[d\ogD,du]{u-^dufP-^). 

Proof. The proof is word for word the same, if we replace r^^ with r^^, p^^ with p^, 
21 with 21, and so on. D 

After the above discussion, the matter of extending Theorem ^ to the non-flat 
case seems a triviality. It is however far from being so, because the multiplication 
in the algebra 21 is more complicated. In particular, it introduces the curvature O 
of the vertical bundle TyertiY/G). The appearance of Q in formulae is actually a 
good thing, because we know from Theorem that the curvature has to be there. 
Nevertheless, this does not mean that we can easily deduce Theorem from the 
Theorem R above. Obtaining Theorem pi from the Theorem ^ is a question that 
remains to be solved. 

6. Higher eta invariants in algebraic X-theory 

We consider the same setting as in the previous section. More precisely, Z ^ B 
is a fiber bundle, Q —^ B is a vector bundle and Y = Z Xg Q, with the induced 
action of Q. We state our results below for the case when both Z and G are trivial 
bundles. When dealing with non-trivial bundles, we replace t^ with r^^, d with d, 
and 2t with 21, as we did at the end of that section. 

Consider then a closed current cu : i^''{B) -^ C and let Tui be the associated trace 
on 21. Then a direct computation gives that 

0^(ao,ai,... ,ai) = T^{andai . . .dai)/l\, l^q + k 

is a Z-Hochschild cocycle on ^^^(y). The Dennis trace map pfl] 

Kfs{^^AY))^iiiii{^ZiY)) 

and the morphism IIII;(^?^^(F)) -^ C defined by (p^^ give rise by composition to a 
morphism 

(50) ry^:<^(*-(y))^C. 

Because the restriction of (f)^ to ^r^(y) is cyclic (so it defines a cyclic cocycle), 
the composition 

KfH^rn^iY)) -. <^(*- (F)) ^ C 
factors as 

Kf^^r;:;{Y)) ^ <P(M^r„r(>^)) ^^* c, 
where {(j)uj)* is the pairing of cyclic homology with topological ii'-theory. In partic- 
ular, rji^ is non-zero if lo is not exact. 

The morphism rji^ does not factor through topological iiT-theory though. This is 
seen by noticing that 
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vanishes for any p, as proved in ^^. Moreover, for B reduced to a point, ^ == R, 
fc = 1, Lo{fdt) — Jjj f{t)dt, and 

the indicial map of an admissible (chiral) Dirac operator on 1" x M, the main result 
of pS] states that ri^{D) — ry(Z?o)/2, where t]{Do) is the "eta" -invariant introduced 
by Atiyah, Patodi, and Singer in H. As proved in p8], this gives that the eta 
invariant of Do is the value at 13 of a group morphism Ki{'i>'?^^{M x R)) — ^ C. This 
group morphism coincides with rj^^, w(/) — L /, in the above notation. 

It is tempting then to try to define a higher eta invariant on '^'^^{M x R"*), 
g = 2fc - 1, by the formula r]k{Do) = T^q{{D-^dD)'^''-^), where D = Dq + c{t); 
however, as it was proved by Lesch and Pflaum, this is not multiplicative, and 
besides, it coincides with usual eta invariant of Dq (up to a multiple depending 
only on fc). 
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